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TRIGONOMETRY: 



CHAP. L 

ON THB RBPRESENTATION OF LINES AND ANOLES. 

1. Lines, considered with respect to magnitude only, 
may be represented by numbers or symbols, without any 
distinctive signs of affection attached to them. 

2. The relation of lines which are geometrically^ parallel, 
(that is, which make the same angle with the same straight 
line,) may be, in all cases, expressed by the signs + and -.^ 

3. Parallel lines, which are estimated in the same di- 
rection, (whether from right to left or from left to right, 
upwards or downwards, or the contrary,) are to be affected 
with the same algebraical signs, whether + or -.' 

4. Parallel lines, which are estimated in different direc- 
tions, are to be affected with different algebraical signs ; those 
in one direction being affected with the sign +$ and those 
in the opposite direction being affected with the sign — .* 



* Algebra^ Art 559. ^ Algebra^ Art. 92. 

• Algebra, Art, 92. 93. * Algebra, Art. 92. 

A 



The same straight Hiie AB, YnW have different 

algebraical signs (whether -|- and — or — and +), d £ 

according as it is estimated in the direction AB or 
BA: and generally^ whatever is asserted of the signs of affection 
of parallel lines^ will apply to the signs of affection of lines> which 
are in the same straight line. 




5. The primitive signs of affection, + and 
— , are not competent to express the telatioti 
of lines, (such as AB and C2>,) to each other^ 
which are not parallel. 



The position of such lines (or their relation to each other, 
independently of their magnitudes) is dependent upon the 
angles which they make with each other. 



6. Consideration of the different modes by 
which the angle BAC may be determined.^ 

Take any point C in one of the lines AC, 
and draw CB perpendicular to the other line 
AB: let the angle BAC be denoted by 9. A 




7* Definition of the sine of an angle. 

The magnitude of the angle 9 is determined by the ratio 

CB 

-jr^* This ratio is called the sine of 0, and is written 

thus : sin 9* 



^ Algebra^ Art. 465 and 549. 

* This definition of the sine of an angle is different 
from that which is commonly given: if a circular arc 
be described from the centre A^ with radius AC^ 
then CB is commonly called the sine of 6 to radius 
^C; in a similar manner, AB is commonly called the 
cosine of 6 to radius AC 




8. Definition of the cosine of an angle. 

The magnitude of the angle 9 is determined by the ratio 

AB 

— . This ratio is called the cosine of 0. and is written 
AC 

thus : cos 9. 

9. The same angle may be determined by any of the 
ratios formed by two sides of the triangle ABC, such as 

BC AC AC 
AB' AB' BC" 

to each of which the specific names, tangent of 9, secant 
of 0y cosecant of 9i have been given: such ra);ios9 however, 
are dependent upon those which have been designated sine 
and cosincy the properties, of which ^11 form the subject 
of the following Chapter. 



10. With centre A and any radius 
AC, describe an arc CD of a circle, 
meeting AB produced on D. 

The angle 0, which is determined by 

its sine -rp- or its cosine -77=, is both 
AC AC 

^termined and measured^ by the ratio 
^xcCD 

~AC'' 




B D 



11. Assuming the preceding measure of an angle, we 
shall express angles either by their measures, or as aliquot 
parts of a right angle which is assumed as the primary angle, 
mnd with which all others are compared. 

12. A right angle is supposed to be divided into 90 equal 
parts, each of which is called a degree. 



< Algebroy Art. 666 and 667. 



A degree is supposed to be divided into 60 equal parts, 
each of which is called a minute. 

A minute is supposed to be divided into 60 equal parts, 
each of which is called a second. 

The same sexagesimal division may be continued inde- 
finitely downwards, to thirds^ fourths^ &c.; but it is more 
usual, in modern works, to use the decimal rather than the 
sexagesimal divisions of the second. 

The distinctive marks> % ', ", &c. are written above and to the 
right hand of the numbers or symbols^ which severally denote the 
number of degrees^ minutes, seconds^ &c., which are contained in 
any given angle. 

Thus^ ISMT'-^T" would designate an angle of 18 degrees, 17 
minutes, and 47 seconds; 67®-23'.i50".24'" would denote an angle 
of 67 degrees, 23 minutes, 50 seconds, and 24 thirds: the same 
angle, however, is more commonly denoted by 67®.. 23'.. 50. 4". 

13. The ratio which the circumference of a circle bears 
to its diameter, is usually denoted by the symbol tt : the ratio, 
therefore, which the circumference of a circle bears to its 
radius, must be denoted by 27r: and the ratio which a 
quadrantal arc of a circumference bears to the radius, must 

be denoted by -, which is therefore the measure of a right 

angle and which is always assumed to denote it. 

14. Let a circle be described 
from the centre A^ and with any 
radius AB\ and let the two di-^ 
ameters BAB' and DAD' be 
drawn at right angles to each 
other. 



The angles which AC can 
form with ABy (such as BAC or 
BACi)^ can never exceed tt or 
180°, which is the extreme limit 
of an angle as considered in Geometry : the same limit applies 
to the angles BAC2 and BAC^t formed below the line BAB'* 




The angles formed above and below the line BAB'y con- 
sidered with respect to each other, would be affected with 
different algebraical signs: if the first be affected with the 
sign +9 the second must be affected with the sign — ; and 
conversely. 

If the arc BC be affected with the sign +, the arc BC^ 

being reckoned in the opposite direction to BC, must be 

BC BC 

affected with the sign -: the measures -7^ and —7-^ of 

® AB AB 

the superior angles BAC and BACx are positive, whilst the 

BC BC 

measures — — - and — -— of the inferior ansfles are negative. 
AB AB ^ ^ 

15. The estimation of angles by means of their mea- 
sures has led to a great extension of the meaning of the 
term angle, as used in Geometry. 

Suppose a point (C) and the radius (AC) along with it, 
to move round the circumference of a circle through the 
four quadrants JffJD, DB!, BD\ If By in the same direction. 
The corresponding arcs BC, BDCi, BDffC^, BDffD'C^, 
being reckoned in the same direction, will be affected with 
the same algebraical sign, as well as the corresponding ratios 



BC BDCi BDB'Cs BDB'BfC, 



3 



AB' AB ' AB ' AB 

tlfe angles generated likewise are 

BAC, BACi, TT-^ffACi, 7r + B'ACs, 

vhich are measured by these ratios, and are affected with the 
same sign for all positions of the generating line AC» 

We are thus led to consider angles which are greater 
than 180**, and the position of the line AC2 or AC3 with 
respect to the primitive line AB, is equally determined by 
the positive angles ir + ffAC^ and tt + BlACz, or by the 
negative angles BAC% and BAC^* 



If the angles BAC^ BACi, B^AC^^ BAC^, be equal to 
each other and to 9, then AC makes the angle 0, ACi the 
angle ir — 0, AC% the angle ir + or — ^ + 0, and AC^ the 
angle 27r-0 or -0, with the primitive line AB. 

16. The line ^C, after revolving through four right 
angles, may continue its motion and pass through the same 
series of positions again : when it reaches the position AC for 
a second time, it will have revolved through an angle, the 
measure of which is 



BDffD'B + BC 
AB 



^Stir^O: 



if it reaches the position AC a third time, it will have re- 
volved through an angle, whose measure is 



2 . BDffiyB -h BC 
AB 



= 47r + d: 



and generally, if it reaches the position AC the n^ time, it 
will have revolved through an angle, whose measure is 



{n - 1) BDBHyB H- BC 
AB 



2 (W - 1) TT + 0. 



The following table will express the measures of the angles 
described from the primitive position AB^ in successive re- 
volutions of the generating line in the same direction, in order 
to reach the positions AC^ ACi, AC^y ACs» 



Revolu- 


Position 


Posidoii 


Position 


Position 


tions. 


AC. 


AC^. 


ACa. 


AC^. 


!•* 





ir^e 


W+0 


2ir-0 


2«> 


27r+0 


3w'0 


STT+d 


47r-0 


3* 


47r+0 


57r-0 ' 


5w+0 


67r-0 


4«* 


Gir+e 


77r-e 


77r+d 


8^-0 


&c. 


&c. 


&c. 


&c. 


&c. 


n 


2(w-l)7r+0 


(2w-l)7r-d 


(2w-l)7r+0 


2n7r-0 

• 



17* Considering angles or their measures as the means 
of determining the positions of lines with respect to a primi- 
tive line, we may add or subtract any multiple of 27r or of 
360", to or from any expression for the measure of the angle 
described, without affecting the position which such an ex- 
pression is required to indicate. 

Thus, 0y 2ir + 0, 4ir + ^, .. 2(»— l)ir + a, may be used 
indifferently, inasmuch as they all of them equally indicate a line 
in the position AC, or algebraically parallel to it 

Again, v — d, 3v — 0, 5w — d ., (2» — 1) ir — ^, may be used 
indifferently, inasmuch as they all of them equally indicate a line 
in the position ACi (or in the second quadrant), or algebraically 
parallel to it 

Again, tt-^O, S w + ^, 5ir + ^, . . (2» — 1) ir + ^, may be used 
indifferently, inasmuch as they all of them equally indicate a line 
in the position AC^ (or in the third quadrant), or algebraically 
parallel to it 

Again, Stt — ^, Affr-^B, Gw-^B, .. Qnv — B, may be used i«- 
differently, inasmuch as they all of them equally indicate a line 
in the position ACz (as in the fourth quadrant), or algebraically 
2>arallel to it. 

In a similar manner, if we suppose the generating line to revolve 
in a negative direction, from B through U, B*, D to B again, 
then we shall find 

— 2ir + a, -47r-|-^, &c. -2nir + B, 

equivalent to B, inasmuch as they will all of them indicate a line 
in the position AC, or algebraically parallel to it. 

For the same reason, 

— <ir — ^, "Sfr—B, — 5ir— ^, ... -(2»— l)ir — ^, 
-•re equivalent to ir— -^; 

-^4.^, ^S^^B, -5ir + a, ... -(2ii-l)w + a, 
«re equivalent to w + ^; 

and — ^, — 2w— ^, — 4jir— ^, ... — 2nir — ^, 
are equivalent to 2r -r ^. 



8 

18. The same position or angle may correspond to an 
infinite number of measures of angles, differing from each 
other by 2 7 or its multiples: but only one position or angle 
can correspond to the same measure of an angle. 

19. The angle CAD, denoted by - - (^, is called the 
Complement of the angle BAC or d. 

We call ^--^, the complement of 0, generally, whether be 
greater or less then - . 

20. The angle BAC^y denoted by tt - 0, is called the 
eu/pplement of 0. 

We call tr—B, the supplement of Q, generally, whether B be 
greater or less than 180*^^ 



CHAP. II. 

PROPERTIES OF THE SINES AND COSINES OF ANGLES. 

1. Resumed consideration of the definitions of the sine 
and cosine of an angle. Art. 7. 8. Chap. i. 

2. If AC = a, and the angle 
BAC - 09 then we have 

BC = AC sin BAC = a sin 0, 
AB = AC cos BAC = a cos 0. 

Or the side opposite to (the per- 
pendicular) an acute angle of a right- 
angled triangle is equal to the product of the hypothenuse. 




and of the sine of the angle; and the side adjacent (the base) 
is equal to the product of the hypothenuse and of the cosine 
of the same angle. 



3. 



Sin^0 + cos*0=l. 



This is the fundamental property which establishes the relation 
between the sine and cosine of an angle, and which enables us 
to express one of them in terms of the other. 



— B 



Thus, 


sin e = y/{l - cos^ 0), 

cos e = y/{i - sin^ ey 




4. 


Sin - = - sin : ^^^" 


--^^^ 




A<^ 






cos — = COS 0, ^""^-^^ 


^..^^ 


5. 


Sin = 0: cos 0= 1. 

Sm — = 1 : cos ~ = 0. 
2 2 

Sin TT = : cos tt = — 1. 





6. 



cos 9: 



(|-0]=sina 




cos 



Or the sine of an angle is equal to the cosine of its comple- 
ment, and the cosine of an angle is equal to the sine of its 
complement. 

c c 

7. Sin (tt - 0) = sin 0, 

cos (tt — 0) = — COS Q. 

tDr the sine of an angle is equal to the sine of its supplement, 
^nd the cosine of an angle is equal to the cosine of its sup- 
]plement, with its algebraical sign changed. 

B 
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8. Proposition. To find expressions for the sines and 
cosines of the sum and difference of two angles, in terms of 
the sines and cosines of the component angles. • 

Let the component angles be denoted by and ff: then 
we shall find 

sin (0 + ff)=: sin cos ^ -i- cos sin ^ (l) 

cos (0 + ^) = cos cos ^ - sin sin 0' (2) 

sin (0 - ^) = sin cos ^ - cos sin ^ (3) 

cos (0 - ^) = cos cos 0' + sin sin ^ (4). 

Demonstration of formulae (l) and (2). 

Let BAC s 0, and CAD = 6'; and 
therefore BAD=:e-\-d': let CB be 
drawn at right angles to AB, DC at 
right angles to AC, DE at right angles 
to AB, and CF at right angles to DE. 

Then, from Art. 2, we get 
AC=:AD cos ff: CD=AD sin &: 

BC=zAC sin d=zAD sin 6 cos &, 

AB=AC cos B^AD cos Q cos &, 

BE = CF=:CD sin CDF= CD sin 6 

= AD sin sin ff; 

DF=CD cos a = ^D cos ^ sin 0': 
DE = i4D sm {0 + 0') z=BC^DF 

= AD sin cos 0' + ^42) cos sin ^; 

and/ therefore, dividing both sides of the equation by AD, we get 

sin (^ 4" ^) = si'^ ^ cos ^' + cos sin ^, 
which is the first of the required formulee. 

Again, AE = AD cos {0 + 0') = AB- CF 

= AD cos cos ^' - AD sin ^ sin ff; 

and dividing both sides of the equation by AD, we get 

cos (0-]rff)=: cos ^ cos ^ - sln sin d', 

which is the second of the required formulae. 




II 




Demonstration of formulae (3) and (4). 

Let BAC=0, CAD=z0', and there- 
fore BAD=e-e^'. let CB be at right 
angles to AB, CD to AC, and DE to 
AEy and DF to BC. 

Then, from Art 2, we get 

AC=zAD cos a' : CD=zAD sin 6', 
BC=zAC sm a = ^2? sm ^ cos a', 
AB^AC COB = AD cos ^ cos ^, 
CF=DC cos e^ AD cos a sin a', 
DF^DC sin a=i<D sin ^ sin a', 

DE^AD 8m(fi-ff) = BC-CF=zAD sin a cos ff^AD cos a sin a'; 
and dividing both sides of the equation by AD, we get 

sin(^— 0') = sin^ cos ^— cos ^ sin^*, 
which is the third of the required formulse. 

Again, AE=AD cos (6- ff)^AB-\- DF 

= AD cobO cosff -^AD sm6 sin^; 

and dividing both sides of the equation by AD, we get 

cos (^ — ^= cos ^ cos ^ + sin 6 sin 6^, 

which is the fourth of the required formuke. 

The three last formulse may be deduced from the first, by 
means of Art. 4. 5. 6. 

9. Proposition. To express the sum or difference of 
the sines and of the cosines of two angles, in terms of the 
products of the sines or cosines of half the sum and half 
the difference of the angles, 

) <^> 



sm + sm ^ = 2 sm I 1 cos I - 



2 



sm tf - sm Cf =2 cos I j sm I 1 



(9) 
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+ 0\ le - ff^ 



cos + cos 0^ = 2 COS ( I COS I J (3) 

cosd -cos0^ = -2 sm I I sm I J (4). 

The following formulae result immediately from those just given : 

sin (a+a^ + sin (a-e')=2 sin ^ cos ^ (5) 

sin (0 + 0')-8in (0-a') = 2 cos sin 0' (6) 

cos (a+0') -f cos (^-^) =2 cos a cos ^' (7) 

cos(^+^-cos(a-0^ = -2sin^sina' (8). 

These formulaB (5), (6), (7), (8), are generally refrared to under 
the following forms : 

sin (^+^) = 2 sin B cos ^'-sin (d-ef) (9) 

sin (^+6^ = 2 cos d sin d'+sin (^-^) (10) 

cos(a + a^ = 2cosOcosO'-cos(^-^') (11) 

cos {e + &) = -2 sin ^ cos ^+cos (0-^') (12). 

10. The following propositions stre immediate conse- 
quences of the preceding articles: 

6 

(1) Sin ^ = 2 sin - cos - . 
^ 2 2 

6 9 9 

(2) Cose = cos^ - - sin^ - = 2 cos^ - - 1 = 1 - 2 sin" ~ . 
^ 2 2 2 2 

r 

This proposition is frequently referred to under one of the fol- 
lowing forms: 

e //l+cosO\ . //l+cos2^\ 
""^2 = V V~~2— ) orcosa=y^(^ ^— j, 

. e //i-cosa\ . ^ //i-cos2^\ 

(,3) Sin 45° = cos 45° = . 

(4) Sin 30^ = cos 60« = - . 

q 



a/3 

(5) Sin 60° = cos 30^ = ^^— . 

(6) Sin 1200 = cos 30° = sin 60^ « — . 

2 

(7) Cos 120° = - sin 30° = - cos 60° = - - . 

2 

(8) Sin 135° = cos 45° = sin 45° = -7- . 

>^/2 

(9) Cos 135° = - cos 45° = - sin 45° = - 



^2 

(10) Sin 150° = sin 30 = cos 60 = - . 

2 

a/3 

(11) Cos 150^ = - cos 30° = - sin 60 = - -^^— . 
^ ^ 2 

The preceding numerical values of the sines and cosines of 
SO®, 45^ 60®, and of their supplements, are very frequently quoted^ 
and the knowledge of them is extremely useful in the transformation 
and verification of goniometrical formulsB. 

(12) Sin s= sin (± ^utt + 0), 
cos 6 = cos (± 2w7r H- 9)9 

vrhere n is any whole number. 

For 6 and ±2ft9r-f-^ denote the same angle 6, though differing 
€roni each other as measures, by multiples of 2 v, or of the measure 
of 360®. 

(13) Sin = sin (tt - 0) = sin { ± (2w + 1) tt - d}, 

- cos d = cos (tT - 0) = cos I ± (2W + 1) TT - 0}, 

^bere n is any whole number. 

(14) -sin0 = sin (-d) = sin (±2n7r- 0), . 

cos = cos (- 0) = cos ± (2W7r - 0)% 
where n is any whole number. 
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cos 



(15) - sin = sin (tt + 0) = sin { =t (2 w + l) tt + 0^ , 
- cos = cos (tt + 0) = cos { ± (2n + 1) tt + 0} , 

where n is any whole number. 

(16) Sm#.co.(j-»)-<».{(i!iii)»-#}, 

where n is any whole number. 

(17) - sin e = cos (- + 0) = cos | ( j tt + ©L 

cos 0= sin (- + ^) = sin |( ) 7r + 0[, 

where n is any whole number. 

(18) _8ine = co8(^-0)=cos{(^^)^-0}. 



- cos 



«--(t-'')-'"{(^V-<'}- 

where n is any whole number. 

(19) Sin0 = cos(^^-H0)=cos{(^^). + 0}, 

- cos = sm ( — + 01 = sm n 1 tt + 0> , 

where n is any whole number. 

The immense variety of equivalent forces of the sine and cosine 
of an angle^ which are included in the eight Articles immediately 
preceding^ results from considering angles as expressed by their 
measures and as generated by the successive revolutions, in the 
same plane, of one line about another which is assumed as the 
primitive line. 



15 

(20) Sin = sin (60' + 9)- sin (60° - 0), 

= cos (30 - d) - cos (30 + 0)^ 
cos e = cos (60° + d) + cos (60° - e)y 

= sin (30° + e) + sin (30° - 0). 

(21) Sin e = 1 v^(l + sin 2^) - ^ ^(1 - sin 2^), 
cos e = ^ ^/(l + sin 2d) + ^ \/(l - sin 2^). 

In these formulse^ regard must be had to the algebraical sign 
of the square root> when 6 is greater than 45^. 

(22) Sin 3^ = 3 sin e - 4 (sin 0)\ 
cos 3d = 4 (cos 0y - 3 cos 0. 



CHAP. III. 

ON THE TANGENTS^ COTANGENTS^ SECANTS^ COSECANTS 
AND VERSED SINES OF ANGLES. 

1. The ratio of the sine to the cosine of an angle is 
called its tangent: and the reciprocal ratio of the cosine to 
the sine of an angle is called its cotangent. 

If be the angle, then 

/I sin d 

tangent of or tan = , 

* cos 

n ^ ^ cos d 

cotangent of d or cot = . . 
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The tangent and cotangent of an angle 

determine the angle equally with the sine 

and cosine : if BAC be an angle, and if 

from any point C, CB be drawn at right 

BC 
angles to AB^ then the ratio -j^ is the 

angle B; and the species oi the triangle is determined either by one 
or the other. 




2. Tan = 



cot 9' 



3. Tan - = - tan 0. 



4. Tan = cot 



cot 6 = tan 



(i-*) 
(f-) 



5. Tan 0^ = : cotO** = - = infinity, or a quantity which 

exceeds any finite magnitude, and which is usually denoted 
by the symbol x . 



6. TmSCP 



-y/S 



: cot SO^ « -y/s. 



7. Tan 45* = 1 : cot 45® = 1. 
a Tan GCfi = y/s : cot 60« = 



9. Tan — s= X : cot — = 0. 
2 2 



^S 



10. Tan x = : cotx = -x. 



11. Pbofosition. GivGi the tangoits of two angles, 
find the tangents of their sum and difference. 



tan (e + ^) = 
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tan Q -f tan & 
l-tan0tand" 



. ^>t y»/x ^*^ d - tan 
tan (9 - 0') = . 

^ l+tanfltand 



2 tan - 
12. Tan = i 



1 - tan^ - 

2 



13. Tan = - tan (tt - 6), 
tan Q = tan (tt + d), 



cot = - tan 



(!-")' 



/Sir 



cot e= tan (^^-^) J 



cot = - tan 



(t^-)- 



We have not put down the variations of these equivalent forms^ 
which arise from adding to or subtracting from^ the angles or their 
measures^ any multiples of 27r. See Art. 10. Nos. 12 to I9, Chap. 11. 



14. Tana=x/(Lzf?i^l. 

^ \l-f-cos2d) 



15. Tan = cot - 2 cot 20. 

16. 2tan20 = tan (45^ + 0) -tan (45*- 19). 

17. The reciprocal of the cosine of an angle is called 
its secant^ and die reciprocal of the sine 6£ an angle is called 
its cosecant 

If d be an angle, then 

1 



secant of d or sec = 



cosecant of 6 or cosec = -: 



eosd* 
1 



sin 9 



\ 
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If BAC be an angle, and if CB be drawn 

AC 
at right angles to ABy then the ratio -jn is 

AC 

the secant and the ratio -^^7; is the cQsecanly 

of the anffle BAC. 

la Sec e = v'Cl + tan* 0). 

19. Sec 0° = 1 : cosec 0^ = co . 

Sec 3(fi = — :^ : cosec 30° = 2. 




^3' 



2 
Sec 60° = 2 : cosec 60° = 



Sec 45° = V^2 : cosec 45° = -y/g. 

Sec — = 00 : cosec - = 1. 

2 2 

Sec TT =i — 1 : cosec tt = 00 . 

Sec -— sx — 06 : cosec — t^ — 1. 

2 2 

The values of the secants ahd cosecants oi angles so readily follow 
from those of their cosines and sines, that it is not necessary to enter 
into a detailed examination of them. 

20. The versed sine of an angle 69 written vers. 6, is 
used to express 1 — cos 0. 

21. Vets. = 1 i Vers. 30^= 1 - ^^: 

2 

vers. 45° = 1 7- : vers. 60° = - : 

y^2 2 

TT _ Sir 

vers. — = 1 : vers, tt = 2 : vers. — = 1. 

2 2 

The limits of the value of the versed sine are 1 and 2. 
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Q 

22. Vers. ^ = 2 sin* - . 

2 



For further remarks upon the terms tangent and cotangent, 
secant and cosecant, and versed sine, their origin and uses, see Algebra, 
Art 488> 489> 490^ 491. 492 and 493. 



CHAP. IV. 

OK THE EXPRESSION OF THE COSINES AND SINES, 
AND OTHER OONIOMETRICAL FUNCTIONS OF THE ANGLES OF TRIANGLES 

IN TERMS OF THEIR SIDES. 
FIRST ELEMENTS OF TRIGONOMETRY PROPERLY 80 CALLED. 



1. Let the three sides of a triangle 
(considered with respect to magnitude 
only) be represented by a, 6, c; and 
let the angles opposite to them be de- 
noted by Jf B, C respectively. 



2. Cos A = : cos B = 

26e 9,ac 




cos C = 



^ah 



3. If « = 9 then we have 

2 

^A 2«.(«-a) 

1 + cos -4=2 cos' — = :; , 

2 he 

1 - cos ^ = 2 sin« - = — ^^ ^ 

2 be 

4. I{ S^ x^{s (8 - a) (« - b) (8 - c)}, then 

. . 2^ . ^ ^S . ^ 2*y 

sin -4 = 7— : sin S = — : sm C = — r 

be ac ah 
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5. The area of the triangle 

= ^^^ = ^ = V{*(«-a)(«-6)(«-c)}. 

Or the area of a triangle^ is the square root of the continued 
product of half the sum of the sides and of its several 
excesses above each of the three sides. 

sin J a sin J a sin B b 

Sin £ sin C c sin C c 

Or the sines of the angles of a triangle are proportional to 
the opposite sides. 



A-^B 

tan 

tan 



Or the sum of two sides of a triangle is to their difference, 
or the tangent of half the sum of the angles opposite to 
them is to the tangent of half their diiFerence. 

8. c = \/(a^ + 6^ - 2 afe cos C). 

This is an expression for a side of a triangle in terms of the 
remaining sides and of the cosine of the angle opposite to it: it 
will be found hereafter to admit of various modifications of form^ 
chiefly through the aid of subsidiary angles. 

9. If it be granted (as will be seen in the following 
Chapter,) that the actual value of an angle may be not 
only determined but calculated from its sine, cosine, tangent, 
&c., then the preceding propositions will enable us to de- 
termine the angles and sides of triangles from the requisite 
data. 



» . 



Hffebra, Art. 546. 547* 
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10. A triangle is determined from its three sides: the 
corresponding problem, therefore, is 

** Given the three sides of a triapgle, to find the three 
angles." 

This may be done through the expressions for the cosines 
of the angles in terms of the three sides, as given in Art. 2 ; 
or through the correspondiiig expressions for their sines, as 
given in Art. 4. 

11. A triangle is determined (in all cases but one) by 
two sides and an angle opposite to one of them : the corres- 
ponding problem is, 

^^ Given two sides and an angle opposite to one of them, 
to find the remaining parts.''^ 

This may be efiFected by the proposition in Art. 6, which 
establishes the relation between the sides of a triangle and 
the sines of the angles opposite to them: thus, 



sm -4 =5 -- sm 5 = - sm C, 

c 

sin ^ = - sm -4 = - sm C, 
a c ' 



sin C = - sin -4 = - sin B. 
a 

If the given angle be opposite to the less of the iwo sides^ 
then there are two different triangles, which may possess 
the same data: consequently for this 
particular case the data are not suf- ^ 

£cient to determine the triangle: under 
«uch circumstances, in deducing the 
value of the angle A from 

sm ^ = - sin B, 
b 

it is andnguousy whether we must make ^ 

A less than 90° or greater than 90^ the 

two values being necessarily supplemental to each other. 
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inasmuch as they have the same sine, and ate limited to 
values less than 180®. 

No such ambiguity can present itself when the given 
angle is opposite to the greater side: for the greater angle 
is opposite to the greater side, and therefore ^ must be less 
than By and therefore less than 90°. 

We thus get two sides and two angles, and therefore 
three angles ; for C = 180° — ^ — £ : the solution of the pro- 
blem proposed in the next Article will enable us to determine 
the third side. 

12. A triangle is determined by one side and two angles: 
and inasmuch as two angles determine the third, the corres- 
ponding problem may be stated thus: 

^^ Given one side and all the angles of a triangle, to de- 
termine the remaining sides." 

The solution is obtained from the formulas derived from 
Art. 6. 

b.sin A csin A 



a = 



6 = 



c = 



sin B sin C 

a.sinB c. sin B 
sin A sin C 

a.sin C b.sin C 
sin A sin £ * 



13. A triangle is determined by two sides, and the angle 
included by them: the corresponding problem may be stated 
thus : 

^^ Given two sides and the included angle : to find the 
remaining parts." 

In the first place, if a and b be the sides, and C the 
included angle, then w6 have 

A^ B= IT - C; and from Art. 7? 

IA-B\ /a^b\ lA + B\ fa-b\ C 
tan = tan ( = cot — . 
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If = S9 and = D) both of which are de- 

tennmed. we have A^ and B^ — , which are 

2 2 

thus determined likewise. 

The third side, when the three angles are known, may 
be determined by the formulae in the last Article, or imme- 
diately (that is, without the intervention of the two angles 
A and 5,) by the formula given in Art. 8. 

14. The three angles of a triangle determine it in 
species only, and not in magnitude: the formulae in Art. 6. 
will, in this case, determine the several ratios of its sides to 
each other. 



CHAP. V. 

OV THE CONSTaUCTION OF A CAKON OF SINES AKD COSINES, TANOENTlf. 
AND COTANGENTS, SECANTS AND COSECANTS. 

1. A Canon of sines and cosines is a table which con- 
tains their successive numerical values or their logarithms 
(increased by 10), corresponding to every degree and minute 
included between l' and 90^ 

2. To calculate the numerical value of the sine and 
cosine of l'* 

If, in the formula (Art. 21. Chap. 11.) 

sin ^ 9= I V^l +sin 2^) - i >/(l - sin 20), 

. ^ o^ -1 ^ S0<> 30<> 30® ^ S(fi 

we put for 2vy successively 30", — > -^^ p-, as far as ^, we 

shall find 

sin 1^ =3 sin ?|g X 1'= .000255625, 
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and therefore 

^"^ ^' ~ oo«^ ^ oir (nearly^) = .0002908882 ; 
ftcfm whidb we immediately obtain the value of the cosine of 1'. 

3. To calculate the sines and cosines of all angles be- 
tween l' and 30^. 

sin (it+1) 6=:2co8^8iniiO-sin (»-l) ^, 
cos(«+l) 0x:Qco^6 co8n^-co8(n — 1) $. 

If, in these formulse^ (deduced from Art. 9* Chap. ii.)> we make 
6=zl\ and substitute for n the numbers 1^ 2^ 3, &c. successively as 
fisur as 1799^ '^^ shall get the numerical values of the sines and 
cosines of all angles between 1' and 30^. 

4. To calculate the values of the sines and cosines of all 
angles between 30** and 45°. 

sin (30^ + a) = cos a - sin (30® - 6). 

Make ^.successively 1^ 2'^ ^, as far as 30®^ and we get (the values 
of the sines and cosines of all angles as far as 30® being supposed to 
be known^) the sines of all angles between 30® and 60®: and^ in- 
asmuch as cos (30® -I- ^) = sin (60®— 0)^ the sines of all angles from 
60® to 45® downwards^ will be the cosines of their complements 
from 30® to 45® upwards. 

5. To calculate a canon of tangents and cotangents. 

The tangents of any angle mAy be found by dividii^ 
the sine by the cosine, and the cotangent by dividing the 
cosine by the sine. 

If we find the tangents as far as 45®, the tangentis betwe^i 
45® and 90**, or the cotangents between 45** and 0°, may be 
found from the formula, (Art. l6. Chap, iii.) 

tan (45° + d) = cot (45® - 0) = 2 tan 2i9 + tan (45® - 6). 



> There are methods of determining the value of the sine of 1', directlp, without 
assuming that the sines of small angles are in the same proportion with the angles 
themselves : they require, however, the approximate numerical solution of equations 
of three and five dimensions. 
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6. To calculate a canon of secants and cosecants. 

The secants may be calculated immediately from a canon of sines 
and the cosecants from a canon of cosines. 

e 

tan-+<;otr- 

2 2 

Since oosec 6 5b i m ii n ■ , 



sec 6 



tan (^ + -) H- cot /^45« + -^ 

2 



the acrcamts and cosecants of angles, which are even multiples of l'^ 
may be formed, by simple addition, from a canon of tangents and 
cotangents. 

7- The fcMrmation of the Trigonometrical Canon may 
be effected by the methods just described: but more com- 
plete and expeditious methods have been employed for this 
purpose, the investigation of which would require the aid of 
a h^her analysis than any which we are at present autho- 
rized to use. 

8. The logarithms of the numerical values in the Tri- 
gaiionicitrical Canon, have been calculated by methods which 
it is not required to explain in this Chapter*: their values 
have been registered in tables with the same augment of the 
tiiiinber 10 throughout, in order to avoid the introduction and 
use of negative values. 

9* In all methods of calculating the Trigonometrical 
C!aiion, the successive values are dependent upon those pre- 
tseding them, and consequently an error in any one of them 
is transmitted through idl those succeeding it^ 

ID. In order to ofaedk the continued transmission of 
errors, as well as to verify the correctness of the successive 



I. The sines and cosines of eXL angles whatsoever, as well as the tangents of aU 
^ngjUs less than 45^, are less than 1, and consequently ihek logarithms (without 
^heir augrneni) are negative. 
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values, when no such errors exist, it is usual to interpose 
stops or values calculated by independent methods, at such 
intervals as may be considered necessary. 

11. Such stops or checks are the numerical values cor- 
responding to assigned angles, whose coincidence with .the 
values corresponding to the same angles, determined by suc- 
cessive calculation, verifies the correctness of all the values 
in the preceding dependent series : or they are furnished by 
substituting two or more values already determined, in a 
goildometrical equation, which constitutes what is properly 
called a formula of verification. 

12. The following are examples of numerical values, 
which furnish absolute and immediate tests of the correctness 
of the results obtained by methods of continuation. 

(1) The values of the sines and cosines, tangents and 
cotangents, secants and cosecants, of 30°, 45°, 60°, which have 
been given in Art. 10. 3. 4. 5. Chap, ii.; Art. 6. 7* 8. and.l9< 
Chap. III. 

, . .^1 i ^ 1^ ' V • ^3(fi i(fi 30° 

(2) The values of the sines and cosmes of — , — , — , 

45° 45° 45° 
&c», and of — , — -, -«-, &c., determined as in Art. 2. o£ 

2 4 8 

this Chapter. 

(3) Sin 18° = "^ = cos 72° 

4 

This value is obtained from the equatioh 

cos 54® = sin 36<^, 

cos 18<> cos se^-sin 18'^ sin 36° = sin 30°, 

cos 18® (1-2 sin« ld®)-2 sin^ 18® Cos 18®=2 sin 18® toa IBf; 

and dividing by cos 18®, we get 

l-4sin2l8® = 2 sin 18®: 

from the solution of this equation, the preceding value of sin 18 
is obtained. 
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, \/lO + 2 a/5 
cos 18« = -^- ^ . 

4 

COS Sff = sin 54^ = V^-^^ 

4 

. ^ „ a/(10-2a/5) 

sm 36° = cos 54° = ^-^ J^— ^ . 

4 

(4) From the values of the sines and cosines 18° and 15°, 
we get 

sin (18° - 15°) = sin 3° = sin 18° cos 15° - cos 18° sin 15°, 

(5) From the sine of 3°, we can obtain sin 1°, by means 
of the approximate solution of the cubic equation, Art. 22, 
Chap. II. 

sin 3''=::3 sin 1° - 4 sin' 1°. 

(6) The value of the sine of 1°, and therefore of the 
cosine of 1°, will enable us to calculate, by the formula of 
contintuition in Art. 3. of this Chapter, the sines and cosines 
of 2% 3°, 4°, &c. as far as we choosy tp continue them. 

We can thus make the sines and cosines of 1^ 2^ 3^> &c. as far 
as 45^^ whether calculated by this method^ or derived in whole or 
in part by any other means^ so many successive slops, by which 
the values of the sines and cosines^ calculated by a formula of 
continuation, may be verified. 

If we find the sine and cosine of 30', from the sine of 1^ we 
may by such means interpose a series of stops at intervals of 30'^ 
as far as 45®; and similarly, we may interpose such stops at intervals 
of 15' or even of 5' (by the trisection of 15'), if such should be 
considered necessary. 

13. Formulae of verification are equations between the 
sines, or the cosines, or the tangents of different angles, which, 
if satisfied by their values, as given in the Canon, or not, 
would verify the correctness of those values, or the contrary. 

Of this kind are the equations given in Art. 20. and 21. Chap. ii. 
and in Art l6. Chap. in. 
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The following remarkable formulae of verification are derived 
from the numerical values of the sine of 18^^ and of the cosine of 
Sff^, which are given in Art 12. of this Chapter. 

(1) Sm a + sin (72® + 6)- sin (72<^- 6) 

= (sm 3ff^+e) - sin (se®-^). 

(2) Sin(90-a) + sin(18* + ^) + sin(l8®-a) 

= sin (54® + a) + sin (54® - d). 

(S) Cosa+cos(72®+a) + cos(72<>-a) 

= cos {3&^ + e) + cos (Sff^ - 6). 

(4) cos (90-^) + cos (18®- B) - cos (18® + 6) 

= cos (54®- e) - cos (54P+e). 



CHAP. VI. 

ON TABLES OF LOGARITHMS^ AND THEIR APPLICATION TO THE 
CALCULATION OF OONIOMETRICAL AND OTHER FORMULAS. 

1. Definition of the logarithm of a number to an 
assumed base,^ 

2. Statement of what is meant by a system of logarithms.^ 

3. The logarithms which are exclusively used for the 
purposes of calculation, and which alone are extensively re- 
gistered in tables, are calculated to a base 10, which is the 
basis or radix of our system of numeration.^ 

Such logarithms are called tabular logarithms, to dis- 
tinguish them from the Napierian and other systems of lo- 
garithms, which are rarely registered in tables. See Chap, ix- 
Art. 5. 



» Algebra, Art. 678. - Algebra, Art. 679, - Algebra, Art. 681. 
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4. Statement of the general properties of It^arithms.' 

1 

5. The arithmetical operations of multipUcation and di* 
vision of numbers, of raising their powers, and of extracting 
th^ir roots, may be effected by the aid of a table of logarithms 
of'jaH numbers, which are involved in or which result from, 
such operations.' 

6. The integral part of a logarithm is called its chor- 
racteristie^ and the decimal part its manHwa} 

7* The characteristic of a logarithm is less by 1 than 
the number of integral places in the number. 

tf there are no integral places, the characteristic is 

- 1, — 2, -8, or -», 

according as the first significant digit is in the first, second, 
third, or nf^ place of decimals. 

In. order to denote negative characteristics, the sign — 
is placed above the characteristic, for the purpose of shewing 
that it applies to the characteristic only, and not to the 
mantissa which follows. 

8. The fr\antissa9 or the decimal part of the Ipgarithms 
of all nui^bers) which differ from each other in the place of 
units Wfdy^ is the some. In other words, the logarithms of 

AT, 10* X iV, — 5 differ from each other in their cbarac- 
' 10»- 

(eristics only;* 

fl. Inasmuch as the characteristic is immediately known 
from inspection of the number, it is always omitted iii tietbles 
of the logarithms of numbers, which therefore contain maai' 
tissue only.* 



1 jUffeiro, Art. 6B6. and 086. 

^.Ailfdbniy Art. 887. ^ Algei^ru^ An. 689. 

« Algebra^ Art. 628. ^ Algebra, Art. 690« 
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Statement of : the great abbreviation of the size (not 
extent) of the tables of logarithms, which results from the 
omission of the characteristic. 

A. similar abbreviation would not be practicable in tabl^ 
of logarithms which were calculated tp any base, ^which dif- 
fered from the base of our system of numeration. 

10. The ordinary tables of logarithms contain the man- 
tissie of the logarithm3 of all numbers, from 1 to lOOOOO, 
calculated to 7 places of decimals.^ 

11. Theyare also accompanied by a column containing 
the differences of successive mantissiBy considered as whole 
numbers: and also with an attached column, containing the 
proportional parts corresponding to every successive value 
of the differenced 



2 



12. To find the logarithm of a number which consists 
of more than 5 digits, and which is therefore beyond the extent 
of the tables. 

Its characteristic is known from inspection of the number; 
its mantissa may be found by the following rule : 

^^ Find (from the tables) the mantissa of the number 
formed by the first 5 digits: from the column of differences, 
marked j(p), find the difference corresponding to it: from 
the colunm (marked Pro.) of proportional parts^ take the 
number corresponding to the 6th and ^^^th of the number 
corresponding to the 7th digit, if any such digit exist : add 
this number or these numbers to the mantissa of the number 
formed by the first five digits, and we shall obtain the mantisscu 
p{ the number of 6 or 7 places required.'' 



* Such tables are those of Sherwin, Hutton, Babbage, &c.; there are small^^ 
tables of logarithms, which are calculated to S or 4 places of decimals onlj. 

> Algebra^ 707. 708, 710. In order to understand these Articles, the studen^^ 
should be acquainted with the ordinary logarithmic series. See X)hap. ix. Art. 
6. 7. 8. &c. 



13, To find the number correBpoUding to a logarithm, 
whose mantissa is not to be found in the tables ; the fol- 
lowing is the rule : 

" Find (S) the diiference between the given mantissa and 
the next superior mantissa \a the tables: find (rf) the dif- 
ference of the m>antisscB of the two successive nearest num- 
bers, as given in the column of diifercnces (d)l subjoin to 
the digits of the inferior number, the decimal arising from 



quired ; the position of the decimal point being determined 
by the characteristic of the given logarithm." 

14. In the logarithmic canon of sines, cosines, tangents, 

cotangents, secants, cosecants, versed sines, the logarithms, 
as given in the tables, are all increased by a common aug- 
ment 10, in order to avoid the introduction of negative lo- 
garithms. See Art. 8. Chap. v. 

15. In the determination of angles from the logarithms 
of their sines, cosines, &c. and in the logarithmic computa- 
tion of formuliE in which they are involved, the tabular (or 
augmented) logarithms are always understood, and a most 
careful attention must be paid to this circumstance in the 
application of logarithmic computation to such formula. 

16. Formulae are said to be in « state adapted to loga- 
rithmic computation, when they consist of factors (in the 
numerator or denominator, or both), which require the opera- 
tions of addition and subtraction alone for their computation, 
preparatory to the application of logarithms. 

This phrase, however, is not used in a very strict sense, 
and formula might be said to be more or leas adapted to 
logarithmic computation, according as they admitted of a 
more or less rapid arithmetical computation of their com- 
ponent factors. 
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17. In the adaptation of gooiometrical fbrmiilas to loga- 
rithmic computation, we must write in the logarithmic equa- 
tions which result, 

(k^ sin ^ - 10) instead of log sin A^ 
(log cos A — 10) instead of log cos A, 
(log tan A - 10) instead of log tan Aj 
(log cot ^ — 10) instead of log cot A, 
(log sec J — 10) instead of log sec Af 
(log cosec A — 10) instead of log sec A, 
(log vers A — 10) instead of log vers A. 

18. Examples of the adaptation and reduction of formulae 
to logarithmic computation. 

(1) <r = a sin A, 

log w 8 log a + log sin A — 10. 

(2) a? = a sin* A. 

^ log 3ff s log a 4* 2 log sin ^ - 20. 

(d) (T = a cos A sin B. 
log AT s log a -h log cos A + log sin JS - 20. 

, - 6 sin A . ^, 

(4) a = — ; — — -, Art. 12. Chap. iv. 

log a as log 6 + log sin A — log sin B. 

• V «• ^ ^ sin B .. ^. 

(5) Sm J = — r — , Art. 11. Chap. iv. 





log sin J = log sin B + log a - log 5. 



(6) 



Cos — = \/|— ^T '\ 9 Art. 3. Chap. iv. 



A 1 1 

log cos - = 10 + - |log« + log (8 - a)} - - (logft + logc). 



2 
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(7) 



Sin ^= V f ' " %f " ""H . Art. 3. Chap. iv. 



A 1 1 

log sin — = 10 + -{log(s-6)+log(*-c)} - - Gog 6 + log c). 



(») -"i-vfh^Y 



A I 1 

log tan - = 10 + - {log'(«-6) +log («-c)} - - |log «+log («-a)} . 

(9) Sin J = ivOi^iziOCiz^Hi^M 

Art. 4. Chap. iv. • 

log sin -4 = 10 + log 2 + - pog « 4- log («-a) +log («-6) +log («-c) \ 

-(log 6 + log c). 

ft^ ^ C^ — /jj^ 

The formula cos J = , is not properly adapted 

to logarithmic computation, inasmuch as one of its factors 
(6^ + c^ — a^), cannot be found without forming the squares 
of a\ 6* and c», by an arithmetical process. 

(10) Tan(-^) = i^tan(-^), 
Art. 8. Chap. v. 

log tan {— — j = log tan f — ^ — j + log (a - 6) - log {a + 6). 

(11) Tan(^^]=tan(0-45O)tan(^i±^), 

log tan ( j = log tan {Q - 45®) + log tan ( 1 - 10. 



E 
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c!hap. VII. 

ON THE USE AND APPLICATION OF SUBSIDIARY ANGLES. 



1. A Subsidiary angle is one, whose sine, cosine, tan- 
gent, &c. does not exist in the primitive formula, but which 
is merely introduced for the purpose of facilitating its com- 
putation, whether by logarithms or otherwise. 

2. The following are examples of the use and appli- 
cation of subsidiary angles. 

(l) Binomial expressions of the form a + 6 and a - 6, 
where a and h are either simple numbers or compound ex- 
pressions, immediately adaptable to logarithmic computation. 

In the first, |(a-f-6) = a ( ^ "*" ~) [ > make tan* 0= - , where 
Q is the subsidiary angle, whose value is to be found frona 

the tables :* then a + 6 = o . sec* = ^-t 

cos Q ' 

Whatever be the value of a and h (if possible and positive^-? 

the equation tan^ d = - may be satisfied. 

In the second, | (a - 6) = a { 1 j > , make - = cos* 

then a — b^a sin* : or make - = sin* 0, which gives 

a — b^ a cos* 0, 

The equations - = cos^ ^ or - = sin^ d,' may be always satisfied^^ ^' 

if a and- 6 be positive and possible^ and if a be greater than b; \9^^ 
a be less than h, then a -6 must be put under the form — (6— a)^_ ^* 



* Log tan = 10+^ (log h - log o). 

t Log (a + 6) =::log o-|- 2 log sec — 20 
= log a-|-20 - 2 log cos 0. 
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a a ^ a 



and making j- = cos^ 6 or ^ = sin^ 6, we shall get 6 — a = & sin ^ 

or b cos 6: the sign of 6— a thus calculated^ must be subsequently 
changed from + to — . 

If a be expressed by a sin^ -4, where o is a given coefficient 
and A a given angle^ we may make 6 = a sin^ 6, when we get 

a^b = a (sin* A -sin2a)=o sin (A+B) sin (A^-B). 
This mode of introducing a subsidiary angle is not unfrequently used. 

(2) Expressions such as - — - , make tan = - , which 
^ ^ ^ a + ft h 

a — h 
gives us tan {0 - 45*^) = : or make 

cot = 7 or tan a = - , 
6 a 

a — 6 
which gives tan (45® — a) = r • 

Thus, the formula. Art. 7- Chap. v. 

becomes tan I '^ \ = tan (a - 45<^) tan (d:^\ . 

(3) Expressions such as ^{a^-¥) and v^(a* + 6^). 

In the first, if we make - = sin 0, we eet 

a 

^/{a^ "V^) = a cos : 
and if we make « = cos 0, we get ^{f? - 6^) = a sin 0. 

In the second, if we make - = tan 0, we get 

a 

y/ic? + ft'O = a sec d = ;^ : 

^ cos 
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and if we make cot = - , we get 

a 

\/(a^ + fc^) = a cosec 6 = -: — ^ , 
^ sm fl 

The expression^ Art. 8. Chap. v. 

0=^(^^ + ^ — 206 cos c), 

affords a good example of such transformations. 

4a 6 cos' - 
2 
If we make sin^ Q = —7 — . ,., , we get 

(a+6)« 

c=(fl + 6) . cos ^. 

4fl6 . sin* - 
2 
If we make tan* = —7 5^5— , we get 

c= (a— 6) sec 2= -z. 

^ ' cos 

If we make tan Q s . . tan - , we cet 

c 
cos - 

c = (a-6) cos I sec = (a-6)^^j^. 
(4) Expressions such as a ± ^{(^ - ft^) and a ± \/(a* + 6^ 

In the first, if we make - = sin 0, we get 

a 

Q 

a + y/{a-^l?) = a (1 + cos 0) = 2a cos^ - (l), 

Q 

and a - v^(a^-6^) = a (1 -.cos0)=2a sin^ - (2), 

= 2 a vers 0. 

In the second, if we make cot = 7 , we get 

b 

a + \/{a^ + b^) = b (cot + cosec 0) 

1 + cos 0\ , 



, /l+cost/\ , d 
= 6 . — . ^ I = 6 cot - , 
V sin / 2 
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1 — COS 9' 



a - ^(a^ + 6^) = 6 . (cot - cosec 0) = - 6 . f — -, — -— ] 




= — o tan - . 

Formulae such as these, are furnished by the roots of the 
equations - 

which are thus reducible, when possible, to logarithmic cal- 
culation. 

(5) To calculate a series of terms connected by the sign 
+ , such as 

a-hb + c-^- d+ &c. 

a + 6 = a sec* d = a, if tan* = - , 

a 

a + b + c=ia' + c^a sec* fl' = a sec* sec* ff = a", 

if tan* 0^=:^= "" 



a a-^b 
a + 6 4- c + d = o" + d = a" sec* 0" = a sec* sec* fl' sec' d" = a"', 

if tan* 0" = -n = 



a ' a + b-^c' 
and so on for any nmnber of terms of the series. 

(6) To calculate a series of converging terms, such as 

a — b -{-c — d-^- &c. 

connected alternately by signs + and — , 

a—b^ a cos* = a\ if - = sin* : 

a 

t Q /!/ ® cos* „ ,. C C 

tt'-b'^c^a sec* ff = t-tt^ = « > " -7 = r = tan ^ ^ 

cos* a a-^b 

. J, If VL Off a COS* cos* 0" „, 
a-b + c-d^a cos* 0^ = — ; = a , 

COST if 
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if 4 = { an'ff': 

cos*0'cos«r' 
c 

a'" a — b + c — d 



if — = : :=tan»0": 



(7) To calculate a continued product, such as 

(o' + 6') (a" + b") (a'" + b'") or 

(a'-6')(o"-6")(ffl"'-6"') 

In the first, make tan^ ^ = -? , tan^ ^' = -^^ , tan* ^" = ,^,f ? 

a a a 

&c. and we get 

cos Cf cos t7 COS t7 ... — ^ 

In the second, make 

Tt Iff rfff 

sin* ^ = -7, sin* ^' = -77 , sin* 0"' = -777 > &c. 
a a a 

and we get 

(a'-6') (a"-6") (a'"-6'")... =aVV"...cos*0' cos*©" cos*©^^^" 

3. The following conversions of expressions, such as 
a sm A^h cos A^ a cos ^ =t 6 sin A^ 
with others of the form 

a sin {A ± 0), a cos (-4 ± 0), 

by means of the subsidiary angle 0, are frequently of v^^^ 
great importance. 

(1) a sin J =t 6 cos J = a sin (^ =t ©), if we make 
a = ^{ci? + 6^), a = a cos d and 6 = a sin 0. 

(2) a cos ^ =b 6 sin ^ = a cos (A =f 0), if we make 

a = \/(a^ + 6*), a = a cos 0, b = a sin 0. 



CHAP. VHI. 



1. (Cos 9^V -1 sin e)' = COB «0 ± -v/ - 1 sin nO, for 
al] values of «: this theorem ia usually called Demoivre's 
Theorem. 

The steps of its demonstration are as follows : 

(cos A + ■'/^-i sin A) (cos fl + V^ sin fl) i 

= cos(^+e) + ^~-sin(^ + fl)- 
Make A + 8, and we get 

(cose + V^ sin 0)' = COS 28+^^1 sin 20). 
Make A=iO, and we get 

(coa2fl + -/'^.sin20) (cosfl + V"^ sin fl) 
= (coB e V^^l sin ef=cos S9+ V^.sin 30. 
The law of formation of the formula being thus indicated, assume 
(cosfl+V"^.sin0}'-' = cos («-l) fl+V^ sin(n-l) B, 
and make A = {tt~l) 6: we thus get 

{cos (n-1) S+V"^sin(n-ljfl}(co3fl+>/^Hin0) 
=(co8fl+v'^sine)'=co8ne+</"^.Binnfl. 
It thus appears, that if the formula be true for 
cos(n-l)e + V^8in{n-l)fl, 
It is necessarily true for 

cos nfl + V-^Bm nfl: 






it has been shewn to be t 



e when n 



r 3, it 



) there- 



fore true when n is 4, 5, 6, &c. and therefore for any whole number 
whatsoever. 

The principle of equivalent forms (Algebra, Art 132.) authorizes 
us to conclude that this fonnula, which is true when n is general 
in form, though specific in value, is true likewise when n is general 
in value as well as in form. 
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2. If in the equation 

(cos ± v^ sin d)" = cos w0 ± \/ - 1 . sin nO, 

the values of nO are to be determined from the value of its 
cosine or sine, then there are different values of 6 which give 
different values of 

cos 4- v-1 sin 0, 
and which equally satisfy the equation. 

For the angles nd, 2v'\-n6, 4ir4-«^> ••• 2rir + «d, have the 
same sines and cosines^ whatever be the integral value of r. 

This series of angles^ divided hy n, produces the series 

n n n rt 

the cosines and sines of the n first of which^ one or both of them^ 
are different from each pther : the cosine and sine of 

2^ + 0, 27r+— +^, 27r+—+e, &c. 

n n 

are respectively identical with the cosine and sine of 

It n 

and therefore no new values of cos d^s/ — 1 sin ^^ are produc 
by taking terms in this series^ beyond the n first of them. 

Any one, therefore, of the n values, 

(1) -cosfl+V-l ainfl, 

(2) -cos (?^+«)+>/— lain (^+fl). 

(3) -cos (il+e)+ vzn sin i^+e)- 

(«-l)_cos(^-i^ + «) + V^sin (^J^+e), 



which are differeot from each other, will satisfy, when raised to 
the n'" power, the same equation 

cosn0+-/^ sinn^, 
where nfl is to be determined from the value of its sine or cosine. 






the whole preceding series of n different values may be i-educed t 

equivalent forms, which do not involve any angle exceeding 180". 



3. To express the n roots of 1 ; or the n values of a? 
in the equation _ 

.i/* - 1 = 0. ' J 

If, in the equation ^^ 

5cos(?I^+ff) + v'^^8in (™+fl^r = co8nB+%^^sin»fl, 
we make 0=0, and therefore cos n9 = l and sin n6=0, we get 

, , „ 2rir , , . 2rtr , ,1 

and therefore cos. ■-{- v — 1 sin = (')"; 

in which r may be made 0, 1, 2, . . . (n — 1) .. . successively, giving 
n results and no more, which are different from each other. 

4. To express the n roots of — I ; or the n values of w 
in the equation 

a^ + 1 = 0. 
If, in the equation 

we make n0=7r, and therefore cos nS = — 1 and sin »fl=0. 



I 
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and therefore cos ^?il±i^ + >/-l sin ^^^^^lii^ = (--1)«; 



n n 



in Dfhich r may be made 0, 1, 2, ... (w— 1) ... successively, giving 
II results and no more, nrhich are different from each other. 

6. To express the complete values of (a)* and (— o)", 
considered as derived from a and — a^ for all values of n. 

Assume p to represent the arithmetical value of (a)* or (— fl)', 
which is independent of any sign of affection, and which is the 
same therefore for both. 

Then, («)"= (1)" p = (cos 2nrv -|- >/ — l sin 2nrw) p, 

(-.a)''^(- !)•/> = {cos (2r+l) wit+n/^ sin (2r+l) »»}/», 
where r is any number in the series 0, 1, 2, 3, . . . 
If f} be any whole number, (a)*=p. 
If n be an even whole number, ( — fl)''=p. 
If n be an odd whole number, ( - a)* = — ^. 

If n be a rational fraction, having a denominator p: then the 
values of r may be limited to the terms of the series 0, 1, 2....p — l: 
beyond these limits, whether upwards or downwards, the same values 
recur. 

If 7K be an irrational quantity, every different value of r will 
give a different value of («)" or (—a)"; and such values therefore 
never recur. 

6. To express the complete values of 

(a + b^/ -ly and of (a - fe \/~l)% 
considered as derived respectively from 

a + 6 v — 1 and a -b v — l. 

Assume \/((^+b^) as the arithmetic value both o£ a + b v^"^ 

and of a-6\/— !;♦ and therefore f> = (a' + 6«)i, as the arithmeitc 
value both of (a + 6 \^'^)» and of (a- 6 V"^)". 



* TfiiB assumption will be justified in Chap. x. 
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Suppose // iJifA =co8 6 =c(» (2rir 4- $), and therefiire 

where r is any whole number in the series ... — 3, — 2, — 1, 0, 1, 2, S, . . . 

(fl + ft N/^y=p {cos (2r^ + a) + V^ sin (2rir+6)}% 

= f) {cos n (2rv + 0) -f v/ — 1 sin« (2rx + 0)}, 

and (a — ft\/^)"s=f){cos«(2r7r+^)-N/1Il smn (2r7r + ^)}. 

If we suppose bssO, and therefore 6=^0, these formuls degene- 
rate into those given in the last Article. 

7- To express the complete values of 



= /){cos w(2rir + 6) + >/^ sinn (2r7r+6)} 

+ ^{cosn (2rir + (?) — >/^ sin « d^rv+d)} 
= 2pcosn(2r7r+e). 

If 17 be a rational fraction^ whose denominator is p, the values 
^* ^ may be limited to the terms of the series 



0, 1, 2 . . . . p — 1. 



Thus, let n=s-, then 



= 2/) cos-, or 2/>cos( — g^— )> or 2/> cos C — g )> 
*^^re /) is the arithmetic value of (a* +6')*. 



The roots of the cubic equation 
expressed general^ by the formula 



={¥V(^0*-{¥V(^s)}'^ 
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if we suppose — to be less than f-, and if we make 



27 

— r 



cos^scos (2rir + ^) = 



V 27 



we shall find the three roots to be as follows : 



•=2^cosU2y/| 



e 

C08-. 






CHAP. IX. 

OK THE EXPONENTIAL EXPRESSIONS FOR THE SINE AND COSIXE OF AIT 
ANGLE, AND ON SOME OF THE CONSEQUENCES REDUCIBLE FROM THEM. 

1. Inasmuch as 

cos* + sin* = (cos d + v - 1 sin &) (cos 9 --x/— l sin 0) = 1, 
and cos ( — 0) = cos 0, and sin ( - 0) = - sin 0, 



it follows, that if cos + ^/-^ . sin be expressed by c^ 
then cos — v— 1 sin d will be expressed by e"^.* 



* If there is any algebraical expression which is equivalent to 

cos + V^3l sin 0, 

it must be an exponential expression, such as 6^ ^ \ where € is a constant quan^ 
tity (or a quantity not dei>endent upon 0), for the reason menticmed in the text: 
and • the expression </> (0) can involve no fractional [powers of 0, because 

CO8 f l/^8in0 
has only one value for the same value of 0: and it can involve odd powen only 
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2. Assuming the representations of 

cos 9 + \/- 1 sin 9 and cos - V - 1 sin 0, 
given in the last Article, we get 

cos = and sin 9 = 7= . 

2 2\/-.l 

6"^ = 6(^''"*"^^'^ = - 1. 

4. Since €^'"^=1 and f(2»-+i)'^= - 1, we have 
whatever the value of n may be. 



6. a*' = 1 + A;0 + + + + &c. where 

1.2 1.2.3 1.2.3.4 

2 3 4 

both series being supposed to be continued in infinity/m, V 



of 6 in every one of its terms, inasmuch as it changes its sign from + to — , when 
changes from 4. to —: consequently </>(6)=:6^(6^): again, hy Demoivre's 
formula, 

cos «e + ^/TTsin „e =(€»'«<»'))• = e"*''' (»)' = ^^^(^^) , 

and therefore ^(6)'s^(fi^63), whatever the value of n may he: consequently, 
\^(6') is a quantity which does not change, for a change of the value of 6, and 
therefore it is a constant quantity: it follows from this reasoning, that 

cos 6 + 1/— 1 sin 6 

may be correctly represented by e , where € is to be determined by other consi- 
derations. 
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6. Let e be that value of a which makes Apslrdnl 
we have 

0* 



a ^ ^ 



1.2 1.2.3 1.2.3.4 



+ &C. 



7. The value of e may be found from the series 

1 
+ - — — ^ — : +&C.; 



1 1 

1 +1+ — H- 



1.2 1.2.3 1.2.3.4 
and 2.718281S is its correct value to 7 places of decimals. 

8. Logarithms calculated to the base e^ are called Na* 
pierian logarithms, and are almost exclusively used in aDfr 
lytical formulae. 

If the abbreviation log. presents itself in such formuk,! 
(when not reduced to logarithmic computation), Napieriai| 
logarithms are always understood, unless the contrary be ex- 
pressed. 

9. k — log a: 

10. •-- is called the modultcs of that system of l6garithiD8 

which is calculated to the base a : in other words, it is the 
numerical quantity by which the Napierian logarithm of any 
number must be multiplied, in order to reduce it to the corre- 
sponding logarithm in the system whose base is a. 

11. If a = 10, then - = . = modulus of tabular loea- 

k log 10 ° 

rithms, and its value is .43429448.... 



12. €® = 1 + Goge) + (log €)'—-+ Gog ey 



0» 



1.2 



1 .2.3 



+ &C 



13. Cos0^^±^^l + {logey^ + Qoge)\J!— 



14. Sin e = 
log€ 



2\/'^ 



0" 



=^[0 ^ QogeYr-^.-^ (\ogey 



e^ 



1.2.3 



1 .2.3.4.5 



•f &C 



■}■ 
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15. The preceding series for cos 6 and sin 0, will sap- 
tisfy the equation 

cos2 + sin^0=l, 

w^hatever be the constant value of e: it remains to consider 
in what manner the value of € may be determined from the 
Lssumed measure of the angle 6. 

16. If the measure of the 
ngle BJC be 6», and if CD be 
a arc described from the centre 
I with the radius JC, then 



= 



arc CD 
AC 




17* If CB be perpendicular to AB, and CE be per- 
^ndicular to AC, meeting AB produced in E, then we have 

CE 



. ^ BC ^ ^ BC 

sm = -—- and tan = --- 
AC AB 



AC 



18. It may be shewn, from very simple geometrical 
^nsiderations, that when CD is a small arc, BC is less and 
'-E greater, than the intermediate arc CD, and therefore 
^at sin is less than 0, but, that tan greater than 0.* 

19. But 

V-1 V-1.1.2,3 \/-1.1.2.3.4.5 



tan 0^ 



sin0 



lege g_ H}ogeyO^ _^^^^ 



COS0 \/-l \/-1.1.2.3 



But if there be three series arranged in the order of their 
magnitudes, proceeding according to integral powers of the 
same symbol (upon which also their values are dependent), 
the first terms of the first and third of which are the same; 



• Algebra, Art. 667. 
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then the first (and in this case the only) term of the second 
and intermediate series will be equal to the first term of th^ 
first or third series.* 

log £ y 

Consequently, z. — = and log e = v - 1 ; 

and therefore c =« c^^^,*]" where e is the base of Napieri^^^ 
logarithms. 

20. Cos = 

2 

= 1 + + &c. 

1.2 1.2.3.4 1.2.S.4.5 

. eeV3i_^_g_0V:zi 

sin = - 



2\/' 



1 



^g ^_^_J1 0' ^ &c. 

1.2.3 1.2.3.4.5 "" 1.2.3.4.5.6.7 

21. ,2evn^L±v3^i^. 

1 - V - 1 . tan 

22. = tan - - tan^ + - tan* - &c. in inf. 

3 5 -^ 

If we suppose = — = 45®, we get 

4 

TT 1111^ 

- = 1 --+--- + - + &c. 
6 3 5 7 9 

If we suppose ^ = -^ = ^0^ we get 

6 v^3 ^ 3x3 5x3^ 7X3^ '^ 

This latter series would enable us to calculate the v 
of TT to any required degree of accuracy. 



• Algebra^ Art. 667. Note. t Algebra, Art. 668. 



FFKCTION AMD THRIR DEDHBTRKAL 
RPRBTATION. 



1. Those symbolical expressions which do not affect 
the magnitude of the quantities into which they are incor- 
porated, can be considered as aigns of affection only or as 
equivalent to them, whether they admit of interpretation or 

2. +1 and - 1, employed as factors, merely affect the 
quantities into which they are incorporated, with the signs 
+ and -, in conformity with the general rule of those signs. 

Quantities like +a and ~b, may be considered as the results 
respectively of the multiplication of -i- 1 into a and of — 1 into b. 

3. Powers of +1 and of -I, such as (+1)' and (-1)% 
where « is any quantity whatsoever, may be considered as 
signs of affection. 

If R be a whole number, these signs are necessarily equivalent 



4. 


Inasmuch as 




cos anrir + \/ - 1 . sin 2nrir = (l)', and J 




x)s (2r + 1) «7r + y~ . sin (9r + l) «7r = (- l)-, 


where 
these 
tical i 


r is any whole number in the series 0, 1, 2...3.,.&c., 
xpressions may be considered as signs of affection iden- 
1 signification with (i)" and (-l)' respectively. 


5. 


The observation in the last Article applies to 




g3nr^^^ and e'2'-+0'"rVM^ 


which 


are equivalent to 




cosejjrjr + '\/^ -sin Znrir 


and 


cos (2r + \)n■lf + ^/~^\ .sin (2r + l)»nr respectively. 
G 
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6. All signs of affection, which originate in the opera- 
tions of Algebra, must either present themselves under, or 

be reducible to, the form a + )3\/ - 1, where a and /8 may 
have any values whatever between 1 and —1, zero included^ 
and where a^-f )3*= 1*. 

7. a + by/ - I and a -6\/- 1, where a and b slxtg 
arithmetical or unaffected magnitudes, are equivalent to 

(cos 6+\/^ sin9)\/a^+b^ and (cos0-\/-l sin 9) y/a^-\-Ij^ 
respectively, where 

COS V = — y = cos cos ^ — J I . 

It thus appears^ that such expressions as 

a + hsT^ and a-hV'^, 
are equivalent to a single arithmetical or unaffected magnitude 

affected with the signs 



cos ^ + n/ — 1 . sin ^ and cos — >/ — 1 . sin ^ respectively^ 

a 



where ^ = co8~* 



s/{a' + hy 



8. Two quantities, a and 6, which are of the san^^^^ 
kind when unaffected, one of which is affected with the si^*^ 

a + )3 V — 1, are not equivalent to a single arithmetical <^^-^ 
unaffected quantity, with a determinate sign of affection, unle^* 
a = 0, and therefore )3=1. 



• The primitive signs of Algebra, which are -j" Mid — , or their equival^'^- 
factors 4" I <"^d — ^) ^c sufficient to generalize all the primitive operation^ ^^ 
Algebra, such as addition and subtraction, multiplication and division, when P^^' 
formed upon general symbols representing unaffected magnitudes; the only o^^ 
derivative signs of affection are those which are introduced by involution or eV^^' 
lution, such as (1)" and (-1)** or their equivalents, where n may be a syt*^^^ 
equally general with any other symbol in Algebra. 



« 

Wi This is a most important proposition, inasmuch as it precludea 

it all attempts at the interpretation of compound expressions, such as 

'■■ (cos 6 + ^/^ sin e)a + (cos d'+ V^^l sin 0') 6 

* =(cosfl+ V^^l sin e) {a + [cos (0-0)+ v'~ sin (a'-0)]6|, 
unless cos(ff'-0)=O, and therefore sin (0'-0)= ± 1. 

II 9. Principles of interpretation of derivative signs of af- 

V fection. 

, (1) They must depend upon the specific nature of the 

magnitudes, to which they are applied. 

(a) When a sign of affection is repeatedly applied to 
a. symbol denoting a specific magnitude, producing in suc- 
cession different symbolical results, in conformity with the 
laws of Algebra, their successive interpretations must be 
accordant with each other and with the interpretation of any 
resulting sign of affection, which has been previously de- 
termined. 

Thus, if the repeated application of the sign of affection 
cos fl 4- ^/'^l sin d, 
should produce 4-1 or — 1, as a necessary symbolical resuh, the 
interpretation of cos -|- "/ — 1 . sin if, (when so apphed,) must be 
such as to be accordant with that of +1 and -1, which may 
have been otherwise established. 

(S) There is no necessary connection between a given 
symbolical result and its interpretation, though there may 
exist a necessary connection between the different interpret- 
ations of a series of symbolical results connected with each 
other. 

If a denote a line, there does not exist necessarily an inter- 
pretation of 

+ a, or -a, or -/^.o, or (cos 0-|- s/^ .sin 0) a, 
considered independently of each other. 

The interpretation, however, of (cos 6 + V^ sin 8) a, will ne- 
cessarily determine that of (cosHf-|-\' — 1 sin n8) a, if 6 be a genera! 
symbol. 
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10. Examples of interpretations of signs of affectiorx 
applied to symbols denoting geometrical magnitudes. 

(l) Let a denote a straight line. 

(a) If +a denote a line drawn in one direction, — o 
will denote a line drawn in the opposite direction, or makic^ 
an angle of 180^ with it. 

This is the primitive interpretation of +^ ^u^d —a, when, 
denotes a straight line> with which all other interpretations 
signs of affection^ similarly applied^ must be accordant 

()8) If a denote a straight line, then 

(cos 9 + ^/^\ sin Q) a 

may denote a straight line of the same length, making 
angle Q with the primitive line. 

It immediately follows from hence^ that a V — 1 must deno 
a line of the length a^ making an angle of 90® with the primiti 
line: and that —a V— 1 must denote a line of the length a> makiii^ 
an angle of 270® with the primitive line. 

(7) If a and 6 denote two straight lines, then a+hs/ ^ 
will denote a line equal in length to y/c^ + V^ making an an| 

with the primitive line : and a - 6 v — 1 wt31 

b 



sm 



-1 



denote a line making an angle equal to -sin"* 
with the primitive line. 



x/^:?^ 



If AB=a and BC^b ^/ -I, 

then AC =za -^-h \/ — l 

= (cos e + s/~^l sin e) n/?+^, 

h 



where 0=sin""' 



:=:BAC: 



and if AB=za and Bc^-hx/'^, 




then ^c=fl-fi V''^=(cc 
where = air 



9- nZ-I smfl) ■v'«»+6*, 
^ 6^ 



11. The algebraical sum of two lines drawn in given 
directions, is the diagonal of the parallelogram which they 
would form if drawn from the same point parallel to those 
directions, and which they would include : their algebraical dif- 
ference is the other diagonal which they would not include. 

12. The algebraical sum of the sides of a closed figure 
or a series of lines, which, if placed successively in contact, 
and parallel to the given lines, would form a closed figure. 



The equation which expresses this condition is called the general 
equation ofjgure. 

13. The algebraical sum of the exterior angles of a 
closed figure must be either four right angles or a multiple 
of four right angles. 

This condition of a closed figure forms the general equation of 
angles. 

The figures which are usually considered in Geometry are those 
in which the sum of the exterior angles is Jour right angles, and 
from which all negative exterior angles are excluded. 

14. The preceding propositions are sufficient to bring 
Geometry, as far as relates to rectilinear figures in the some 
plane and their properties, entirely under the dominion of 
Algebra. 
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CHAP. XL 

OV THE APPLICATION OF ALOEBRA TO GEOMETRY, BY CON8IDERINO Tl 
POSITION OF INDEPENDENT AND DEPENDENT POINTS IN SPACE. 



sarr. 



Sect. 1. 
Position of a Point and its Co-ordinates. 

1. A Point in space is said to be given, when it 
subject to conditions, which belong to that point and to 
other. 

2. A point in space is given in position, if its perpem 
cular distances from two given lines or aa^es, in the 
plane with it, are given. 

3. If J^ and J F be two ^ 
lines or awes, which are at right 
angles to each other and in the jy 
same plane with the point P: 
and if PM and PN be per- 
pendicular to AX and AY re- 
spectively : then PM and PN 
will determine the position of 
the point P. 

4. If AX and JF be two 
lines or axes not at right angles 
to each other and in the same 
plane with the point P: and if 
PM and PN be drawn parallel 
to AY and AX respectively: 
then PM and PN will deter- 
mine the position of the point P. 

Axes of the first kind are called rectangular, and of the secoi 
kind oblique: rectangular axes are those which are always wi 
stood to be used^ unless the contrary be expressed. 



IS 

no 



di- 
me 





5. Since PN=AMt in both the preceding figures, the 
Dsition of the point P is determined by AM and MP. 

6. It is usual to call AM, which is reckoned upon or 
tut off" from, the axis AX, the abscissa, and the line PM, 

which is parallel to the other axis AV, the ordinate: but 
when they are mentioned together, and are not required to 
be distinguished from each other, they are called the co-ordi- 
nates of the point P. The point J, where the axes intersect 
each other, is called the origin of the co-ordinates. 

7- It is usual when the position of the point P is given, 
but unknown, or when the point P is not jijied, but con- 
sidered in different and variable positions, to denote the ab- 
scissa AM by X, and the ordinate MP by y : and the axis 
AX is usually called the axis of the abacisscB or of x, and 
the other axis AV is called the axis of the ordinaies or of y. 

If the position of the point P be given, its co-ordinates are 
usually denoted by the earlier letters of the alphabetj or by j and i/ 
.accented in such a manner as to distinguish them from x and _?/ 
when denoting unknown or variable co-ordinates. 

8. Enumeration of the different positions of the point P, 
in the four quadrants formed by the intersections of the two 
axes, corresponding to all the different combinations of +,v, 
— x, and +y, ~y. 

9. If there be two given 
points, their distance from each 
other, and the angle of inclin- 
ation to the axis of cc of the 
lino which joins them, may be 
determined from their respec- 
tive co-ordinates. 

If a and ^, a and (3" be the co-ordinates of two given 
points C and (T, then their distance(S)=v^J(a-ay-f()3-^')'i' 

and the tangent of its inclination {9) to the axis of 'e= — . 
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10. The position of a point P is said to be arbitrary 
or independent^ when its co-ordinates are arbitrary or in- 
dependent^ whether they be known^ unknown^ or variable. 

11. The position of a point is said to be dependent ^ 
when its co-ordinates are dependent upon each other; or 
when the value of one of them necessarily determines that 
of the other. 

12. In Geometry, the position of a point P is said to 
be dependent^ when its different positions are subject to the 
condition of being always found in a given line or curve, 
or required to satisfy some prescribed law of movement. 

13. In Algebra, the position of a point P is said to be 
dependent^ when the symbols which represent its co-ordinates 
for all different positions, must satisfy an equation in which 
they are involved, with or without other known or deter- 
minate quantities. 

14. In such an equation involving x and y, for every 
value of w there will be at least one* value of y, and 
conversely : and if all such values of w and y be considered, 
the point to which they correspond must describe a curve. 

16. The equation which connects the values of w and y, 
and determines one of them from the other, is the equation 
of the curve, 

16. The algebraical properties of curves are the pro- 
pertied of their equations. 

17. We may pass from the algebraical properties *r 
curves to their geometrical properties, and conversely, 
means of interpretations made conformably with the laws 
Algebra. 



4 

• If values which are called impossible or imaginary^ as well as possible vali 
be included. 



i 
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Sect. 2. 
Equation to a straight line and its immediate consequences. 

18. Let the locus of the point P be a straight line as 
defined in Geometry; and let it be required to determine 
its equation. 

A straight line is deterrained geometrically ; Jirsti if it 
pass through a given point and make a given angle with a 
given straight line or aoAs : secondly^ if it pass through two 
given points. 

19. For the first case. 

Let a and )3 be the co-ordinates of the given point, and 
07 and y the coordinates of any other point whatsoever in 
the line whose equation is required; and let Q be the angle 
of its inclination to the axis of w. then 

tan Q = - — ^ , (Art. 9.) 
a? — a 

or y - /3 = tan (o? - a), 

or y ^ aof + b, 

if a s tan $ and b^ (i^a tan 0. 

20. For the second case. 

Let a and /3, a and (jf be the co-ordinates of the two 
given points, through which the line, whose equation is re- 
quired, passes; then, since 

tan = ^7^, (Art. 9) 
a —a 

we have, by the last Article, 

y - /5 = -7 (a? - a). 

a — a 

H 
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21. The most general equation of the first order involv- 
ing two variable quantities od and y^ is 

Ay + Bx + C = 0,* 

which is in all cases the equation to a straight line. 

It is reducible to the form 

^ — aar — 6 = 0, or y=zax-^b, (Art. I9.) 

— J5 — C 

by making a = —j- , and h = --j- . 

22. A straight line may, in all cases, be determinei 
from its equation 

when the quantities a and h are given. 

Examples of the determination of lines from their equations. 

If jr= 0, what is the value of y ? 
If ^ = 0, what is the value of ar.^ 

The answers to these two questions will give two points^ one 
in the axis of y and the other in the axis of x, through which the 
line required must pass: if^ however^ the equation be y^zax, the 
line passes through the origin of the co-ordinates^ and only one 
point in the line is thus determined: a second point in the line 
may be found by the answer to the following question: If x=l> 
(or any other given line), what is the value of ^? 

23. Geometrical proposition. If two straight lines be 
given, which are in the same plane, their inclination to each 
other and their common point of intersection are given. 

24. Algebraical proposition. Given the equations of two 
straight lines, to find the angle between them and the co- 
ordinates of their point of intersection. 

Let y = aa? + 6, 

y = a X -\- ^ 



• If il, B and C be considered as arbitrary constant quantities, one of them 
superfluous. 
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5(jbe the equations of the two given lines, in which a and 6, 
a and 6' are therefore given: let be the angle of their 
inclination to each other, and let a, )3 be the co-ordinates 
of their point of intersection: then 

■^ a - a . a -a 

tan = 7 , sin = — > — > , 

5 ^ 1+aa' 

cos rf) = — 7==— r7== , 
^ Vl+aWl + a^ 

l) —b ^ ab — ab' 



a = — 



. /3 = 



a —a a — a 



25. If a^d^ or if the coefficients of a? in the two 
equations be equals then = 0, and a and )3 are both of them 
infinite; or in other words, the lines are parallel, and therefore 
never meet. 

26. If a'= — , or if the coefficient of a? in one equa- 

a 

tion be the reciprocal of the coefficient of so in the other 
equation, with its sign changed from + to -, or conversely; 
then (^ = 90^, and the two lines are at right angles to each 
other: under the same circumstances also, 

..1£Z^ and /3-i±4. 

27. Geometrical proposition. To draw a line which shall 
pass through a given point, and which shall make a given 
angle with a given straight line. 

28. Algebraical proposition. To find the equation to 
a straight line, which shall pass through a point whose co- 
ordinates are given, and which shall make a given angle with 
a line whose equation is given. 

Let a and /3 be the co-ordinates of the given point, and 
= tan"^ t the angle which the line whose equation is re- 
quired shall make with the line whose equation y^aos + h^ 
is given: then 

f/'-/3=^j^^V-a). (Art. 19.) 
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If < be infinite, or = 90", we get 

Cv 

a conclusion which agrees with that given in Art. 26. 

29' Geometrical proposition. If a straight line be drawa 
from a given point, and making a given angle with a givm 
straight line, its length and th&^point of its intersection with 
the given line are given. 

30. Algebraical proposition. Given the equation of a 
straight line and the co-ordinates of a point without it: to 
find the length of a line drawn from the point whose co- 
ordinates are given to the line whose equation is given and 
making a given angle with it, and likewise the co-ordinates 
of the point of intersection. 

Let a and /3 be the co-ordinates of the given point, and 
y = aw -{-b the equation of the given line : let a' be the 
tangent of the angle which the line whose length is required 
makes with the axis of j? : and let a and /3' be the co-ordinates 
of the point of intersection, and d the length of the line : then 

, fi — b" a a 
a = 



a- a 



^;_a^- a (aa +b) 



a — a 



a — a 

((i -b) cos " a sin 
sin (ff - 0) 

if a = tan and a = tan ff. 



* M^c have asiumed the negative sign in passing from the square to the ^^^^ 
root, in order to obtain the value of d» 
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31. If 0' = 90 4-0, or if the line drawn from the given 
I>oint be perpendicular to the given line, the formulae in the 

last Article become, since a - — , 



, a (fl - 6) + a 
a = r 



d 



1 +a' 
= (/3 - 6) cos - a sin 0. 



32. If the line, upon which the perpendicular is let fall, 
pa-sses through the origin of the co-ordinates, the formula; 
ia the last Article become 



a = 


a/3 + a 
1,+ a^ ' 


^= 


o^/3 + aa 


1+a^ ' 


//-. 


fi -aa 



= /3 cos - a sin d. 

Sect. 3. 
Transformation of Co-ordinates. 

33. When the equation which expresses the relation be- 
tween the co-ordinates of a dependent point is determined 
Mth respect to assumed axes, it is frequently required to 
transform this equation in such a manner, that it may express 
the relation between the co-ordinates of the same point subject 
to the same conditions, when referred to new axes whose 
positions are given with respect to the former. 
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34. Let X and y be the new co-ordinates, w and jf tk 
old ; and let Q be the inclination of the axis of .v' to that 
of 0^9 and therefore -d the inclination of the axis of j;to 
that of a/: consequently, the equations of the old axes witk 
respect to the new, are 

y s aw + b = ^ tan x .r + fe, 

a tan 

respectively : and since a* and y are the lengths of the per- 
pendiculars upon these lines respectively, we get by tk 
formulae in Art. 31. 

=s y sin + y' cos - 6 cos 0, 
a 



= tX?' cos — y sin — 1/ sin 0. 

The substitution of these values of x and y, in the equj 
tion between them, will effect the transformation required. 

35. If the new axes have the same origin with the ok 
then 6 = and b' = 0, and the expressions in the last Articl 

become 

w — a/ cos — y' sin 0, 

y s= w sin + y' cos 0. 

36. If c and c be the co-ordinates of the new origi 
of the co-ordinates with respect to the old, then (inasmu< 
as at that point a?' = and y = 0,) we get from the formul 
in Art. 34. 

r = - 6' sin 0, r = ^ b cos 0. 



\ 
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37. If it be required to express the new co-ordinates 
in terms of the old, we shall find 

a?' = (^ — c) cos + (y - c') sin 0, 

y' xa (a? — c) sin — (y — c) cos 0. 

38. The expressions in the last Article become, if c = 
and c' = 0, 

a?' = a? cos d + 2/ sin 0, 

y ssof sinO — y cos 0.* 

39. In effecting transformations of an equation, when 
hth the origin and incUnation of the axes are changed, it 
is generally most convenient to transform the equation, ^r«^, 
for a change of the origin onlyj without a change of the 
inclination of the axes, and secondly^ for a change of the 
inclination of the axes only^ without a change of the origin 
of the co-ordinates. 

For the first transformation, .we make 

iV= a/ + c^ 
y = y + c , 

^Here c and c are the co-ordinates of the new origin. 
For the second transformation, we make 

*r = a? cos & — y sm 0, 
y ^x sm + y cos 0, 
^^liere Q is the inclination of the new axis of w to the old. 



* The pair of equations 

convertible into the pair of equations 
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In the final result^ the accents may, generally speaking, be sup- 
pressed, unless different forms of the equation of the same curve 
are required to be considered with reference to each other. 

40. If it be required to transform the equation of a 
curve from rectcmgular to oblique axes, having the same 
origin of the co-ordinates, and which make angles and ff 
with the axis of x and therefore the angle ff -^Q with 
each other, we must make 



jf^af cos + 5' cos ff\ 
y = 0?' sin + y sin ff] 



For it appears from Art. 30, making 6 = 0, and replacing 
a and /3 by ^i? and jr? that 

, y cos — a? sin 
^" rin(0'-0) ' 

, 0? sin 0' — y cos 0' 
^' sin(^-0) ' 

which are convertible into the equations 

X ^od cos + y' cos ^, 
2/ = 0?' sin + y' sin ^. 

This is a most important transformation, and includes^ 
the one given in Art. 34. 

41. Let it be required to transform the equation 

y = ao? + 6, 

of a straight line (where a «= tan ^), from rectangular to ^ 
oblique axes, having the same origin, and making the angles ^ 
Q and 9 with the axis of x. 

The new equation becomes 

y sin {& - (f)) + x' sin (9 - (p) - b cos = 0* 
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42. The propositions considered in the preceding articles, 
shew in what manner all problems relating to the positions 
of straight lines in space, and their inclinations to each other 
and to given axes, as well as to the positions of their points 
of intersection, may admit of an algebraical solution. 

The direct representation of lines in space, considered in 
Chapter X, refers them to one awis onlyj and therefore fails 
in affording the solution of many geometrical problems, where 
the absolute as well as the relative positions of lines, with re- 
spect to each other, are required to be considered. 



Sect. 4. 
Equation of a Circle. 

43. Geometrical definition of a circle. A circle is a curve, 
^n the same plane, described by a point which is always at 
tl^e same distance from the same given point. 

44. Algebraical problem. To find the equation which 
^^presses the relation of dependence of the co-ordinates of 
^he describing point of a circle. 

Let a and (i be the co-ordinates of the centre or fixed 
P^int, w and y the co-ordinates of the describing point, and 
V the invariable distance : then (Art. 9.) 

(a^-af + iy-fiy^-/ («). 

45. If the origin of the co-ordinates be changed to the 
^^^Utre of the circle, the transformed equation will become 

a^ + f^y' (fiy 

46. If a = 7 and /3 = 0, then the equation becomes 

2yx - as^ ^%f (7). 

Xn this case, the origin of the co-ordinates is at the extremity 
^f a diameter, which coincides with the axis of x. 

I 
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47- The equation 

^ + y* -H aa? + 6y + c = 0, 

is the equation of a circle, the co-ordinates of whose centre 
are and , and whose radius = ^ \/(«^ + 6^ — 4c). 

If a* + y = 4c, the circle or the curve denoted by the 
equation, as far as it is included in the plane of .r, y, de^ 
generates into a point : if a^ + b^ be less than 4c, no part of 
the curve, expressed by the equation, is found in the plane 
of 0?, y. 

The equation of the circle can comprehend no term involv- 
ing the product ^y, unless the axes to which it is referred 
are oblique. 

In the discussion which follows^ of curves determined from their 
equations^ we shall confine our attention to those parts of them which, 
are situated in the plane of the axes of x and y: in other words^ 
we shall consider those values of x and ^ which are affected with. 

the sign I/--I, or with any sign of affection different from + or *^^ 
as imaginary, and as belonging to points which have no connection, 
with the curves represented by the equations which may come under 
<Dur consideration. 



Sect. 6. 

Discussion of the general equation of Curves of the 

second order. 

48. Curves of the second order are those, whose equa- 
tions, under their most simple rational form, involve squares 
or simple products of their co-ordinates, and no powers or 
products of them which are of higher dimensions. 

49. The most general form of an equation of the secon 
order, involving w and y, is 

ay^ + bxy + ca/^ + dy + eoe + f =: . . . . , fa). 



In this equation there is one superfluous ar^e/rafy coeffidefU or 
constanijt which might be suppressed; there are^ however^ some 
advantages which result from retaining it^ when discussing the 
general properties of the curves which the equation may represent 

Our first enquiry will be, to determine to what extent 
the form of this equation may be simplified by the trans- 
formation of co-ordinates; our second enquiry will refer to 
the distribution of the curves which it may represent into 
their proper classes. 

50. The terms dy and ew^ or those involving the simple 
powers of of and y only, may be exterminated, by changing 
the origin of the co-ordinates only^ the new axes remaining 
parallel to the old^ in all cases, unless b^ — 4ae = 0. 

The transformed equation is 

ay *+ bwy + cx^+f= (6), 

where the three first coefficients of (a) remain unaltered, and 
where 

/ = a)3* + bafi ^cc?^-dfi^-ea^-f, 

_. 2ae-6d _ ^ 2cd-6e 
makmg a = -rz and (i = -r , 

^here a and /3 are the co-ordinates of the new origin. 

61. The exception above mentioned, where V — 4ac = 0, 
*»^f3 where the terms involving the simple powers of x and y 
^^^not be exterminated simultaneously^ indicates the exist- 
5^ce of a class of curves, without centres^ (Art. 56.)^ included 
^^ equation (o), to which the general name of parabola is 
^^■^^^mmcHily given. 

52. The equation 

a^+ftcry-f cj?*+/'=o (6), 

v^uppresfibg the accents of x and y), may be transformed 
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in all cases, in such a manner, that the term inyolying wy 
may be exterminated, by changing the direction of the rect- 
angular awes (without altering the origin) throtigh an angle 

-6 

0, such that tan 20 = . 

a — c 

The transformed equation becomes (suppressing the accents 
of w and y), 

aV + cV+/=0 (c), 

or 

53. If 4a e be greater than 6^, the coefficients a' and c 
must have the same algebraical sign, whether + or — : if 4oc 
be less than 6^ the coefficients a' and c must have different alge- 
braical signs, whether + or - : if 4ac = 6^, we have c' = : but 
this is the case excepted above (Art. 50.), where the coefficients 
of the simple powers of a? and y have not disappeared si- 
multaneously ; if a = c and also 6 = 0, the value of 9 is in- 
determinate, and the general equation becomes that of a circle. 

54. If the two transformations in Arts. 50. and 52. are 
made simultaneously, the values of d, a and /3 which result, 
will be the same as those determined: if the two trans- 
formations are effected in a contrary order, the value of 6 
will be the same as before, but the co-ordinates (a', /3') of the 
new origin being referred to the new and not to the old axes, 
will be 

, (d sin -\- e cos 0) 

"* "~o+c-^{(a-cy + fe^}' 

(d cos - e sin 0) 



l3' = - 



a + c + ^[(a-cy -{-h^' 



55. To find the points of intersection of the line whose 
equation is y ^ mw, with the curve or curves expressed by 
the equation 

aV+cV-f./'=0 {e). 
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The co-ordinates of the points of intersection are 

^ \mra -\-c J ^ \m^a + c I 

which are both + or both — ; the points are therefore equi- 
distant from the origin of the co-ordinates. 

56. The origin of the co-ordinates, in the curve repre- 
sented by the equation 

is called a centre^ inasmuch as all lines passing through it 
and meeting the curve both ways, are bisected in that point. 



tion 



57. Classification of the curves represented by the equa- 

aV + cV+/'=0, 



which results from an examination of the values of m in 
Art. 55, 

58. Let a\ c , f have the same algebraical sign, whether 
+ or — . 

The values of m involve \/— 1, if those of a? do not 

involve v - 1 ; and there is no part, therefore, of the cor- 
responding curve which is found in the plane of oo, y. 

59. Let a' and c have the same sign, whether + or -, 
which is different from that of /'. 

The values of m are 
unlimited, whether + or — . 

In this case, the curve 
in the plane of w^ y, sur- 
rounds the centre, at a 
finite distance, in every r.\^-^ 
direction ; forming a spe- 
cies of oufl/, which is called 
an ellipse. 
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This is the second great class of curves included under 
the general equation (a). Art. 49. 

60. If a' and c be equal, the ellipse degenerates into 
a circle* Art. 46. 

61. If JB or the greatest value of w (when y = 0) b 
denoted by a, and H AC or the greatest value of y (when ^=0 
be denoted by 6, then 

o* = --4 and 6'= -^ 



a' ' 



and the equation (c), Art. 52. becomes 

hv^-' (^>' 

or a^y" -^-Vcf^d^l? (/). 

The values of a and h in this equation must not be confounded 
with the values of a and h in the general equation (a). 

62. a and h are called the semiawes of the ellipse, and 
Sa and 26, or Be and Co, are called the awes: the greater 
is called the axis major ^ and the less the axis minor. 

63. If o' and c' have different signs, the limits of m are 

±^(6^-4ac) 



^/(^) 



or 



a + c + ^{(a-c)^ + 6*| * 



If a and /' have the scmie sign, those limits are superior 
limits, which m cannot exceed: if a and /' have different 
signs, these limits are inferior limits, than which m must 
always be greater: for greater values of m in one case or' 
for less values of m in the other, the line whose equation^ 
is y = mo?, will not meet the curve. 

Let the lines DAd' and D'Ad^ whose equations are 



respectively, be drawn : let AB 



?= and AC 



- A=f) ^ 



- A^) ' 



in the first case. 



in the second ; make Ah^ AB and 




Ac^ AC: the curves in the first case are double^ having their 
vertices at B and 6, and included between the angles DABf 
and dAd!\ the curves in the second case are also double j 
having their vertices at C and c, and included within the 
angles DA d and D'A d* : their branches are infinite, the values 
of CO and y being unlimited, both + and — . 

These curves are called by the common name of hy- 
perhola: the first pair of curves (whose vertices are at B 
and h) are said to be conjugate to the second pair (whose 
vertices are at C and c), and conversely. They form the 
third great class of curves, which are included under the 
general equation (a). 

64! If AB ■=■ a and AC = 6, the equation (c) becomes 

^- — = -1, or a^f^h^o^^-a^l? (^), 

in the first case, and 



1? _2 

— 5 = 1> or a*^ — 6*0?* = (J?V 



(h). 



in the second. 



65. a and h are called the semiawesy 2 a and 26 or 1„. , 
J76 and Cc the a^r^^; the greater being called the €uci8 maj&r I 
and the less the axis minor of the hyperbola. 

66. The limiting lines DAd' and I/Ad are called 
asymptotes of the hyperbolas: the curves approach infinitely 
near to these asymptotes, but never touch them. 

67. An asymptote generally, is a straight line whose 
equation coincides with the equation of the curve at an in- 

Jinite distance : and no . curve can admit of an asymptote 
whose equation does not degenerate into that of a straight 
line under such circumstances. 

An ellipse can have no asymptote: a parabola (whose 
equation will be afterwards considered) can have no asymptote. 

68. A diameter of a curve is a line which bisects all 
parallel chords (or lines joining two points of the curve). 

69. The major and minor axes or those axes produced,, 
of the hyperbola and of the ellipse, are diameters. 

70. The major and minor axes are the only rectangulacv:- 
diameters (that is, which cut the chords at right angles,) whictar^^^^ 
those curves admit of. 



71. Let it be required to determine whether there exist^" 
any oblique diameters of the ellipse and hyperbola. 

For this purpose, let it be required to transform the-^ 
equation 

Af-\^Ba!'=\ (0 

from rectangular to oblique axes, making angles and ff with 
the axis of a? : if the transformed equation can be reduced to 
the form 

^V'+^'^"=l (^0 



s 
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wanting the term which involves «2?'y', then the new axes are 
diameters, cutting the chords at the angles of inclination of 
the axes to each other. 

72. If tan 9 tan ff = — — = — r- , for the ellipse, apd 

A Or 

— for the hyperbola, then the transformed equation will as- 
sume the form 

where ^'= ^ sin^ 0' + S cos^ 0', 
5^= Jsitfe -hScos^e. 

73. These new axes are therefore diameters, and when 
considered with reference to each other, are called conjugate 
diameters : there is an infinite number of conjugate diameters. 

74. Since tan = - , we have tan ff = — -- . - in the 

w cr y 

ellipse, and — . - in the hyperbola, and therefore 
^ a^ y 

tan (ff-9)= in the ellipse, 

(a — ) coy 

a^\? 

in the hyperbola. 



{c? + \?) (sy 



The angle ff -Q, is the angle between the conjugate 
^iameters, and it is also the angle of ordination of the chords : 
^^ is given, therefore, for every given point of the curve. 

75. If d and d' represent the conjugate diameters, the 
^'^uation of the ellipse with respect to them is 

dV» + d^V = d2'd2 (0, 

^>>id the equations of the hyperbola and its conjugate are 

dV^ - d' V = ± d^'d'^ (m). 

76. If we transform the equations (I and m) from oblique 
^o rectangular axes, by making (Art. 40.) 

K 



- d'* cos* ff = <^\ 

} («), 

+ d' sin* 0' = ft» j 
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, w sin ff -y COS ff , y cos - a? sin 

sm yff -d) sin (a - 0) 

we shall reproduce the equation (/): and by equating the 
corresponding coefficients of the identical equations which 
result, we shall find, for the ellipse 

d* cos« e + d'* cos« ff = cfi\ 

d« sin« e + d'^ sin« S' = w] ^^^' 

d«d'« sin* (e' - 0) = a«y (o), 

d« sin 20 + d'* sin 20' = (p); 

and for the hyperbola 

d*cos«0-d'*cos2 0'==a2 

- d* sin« 

d»d'« sin* (0' - e) = a«y (o'), 

d* sin 20 - d'* sin* 20' = (p'). 

In speaking of the properties of the conjugate diameters of an 
hyperbola, we always understand the whole system of curves formed 
by the opposite h3rperbola8 and their conjugates. 

77- In tbe ellipse, 

a* + 6*=d* + d'* (r), 

or the sum of the squares described upon the principal axes 
is equal to the sum of the squares described upon any two 
conjugate diameters. 

In the hyperbola, 

a2-6«=:d*-d'* (r'), 

or the difference of the squares described upon the princip^^ 
axes is equal to the difference of the squares described upo'^ 
any two conjugate diameters. 

78. In both the ellipse and hyperbola, 

dd' sin (0'-0) = aft; 

or the rectangle described upon the principal axes is equ 
to the parallelogram which is formed by drawing lines througi 
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lie extremities of each of two conjugate diameters parallel in 
ich case to the corresponding conjugate diameter. 

Inasmuch as it will be found, that lines so drawn are tan- 
ents to the ellipse or hyperbola, it follows that all parallel- 
^ams circumscribing an ellipse^ and all parallelograms touch- 
ig a system of conjugate hyperbolas, will be equal to each 
ther. 

79. Definition. A tangent to a curve, at a given point, 
. a straight line which meets the curve at that point, and 
eing produced, does not cut the curve at any point imme- 
lately preceding or following. 

The phrase immediate^ preceding or Jbllofving may be replaced 
f the following: at any distance whatever from the point of contact, 
tfvever small it may he. 

80. The tangent to any point of an ellipse or hyperbola 
I parallel to the conjugate diameter corresponding to that 
oint. 

This conclusion follows from very simple geometrical consider- 
dons: for if the tangent cuts the curve in any point difierent 
'om the point of contact^ it forms a chord which is no^ one of 
^e system of chords to which the tangent^ as drawn^ is necessarily 
arallel. 

81. The inclination {ff) of the tangent to the ellipse 
hyperbola to the axes is the same as that of the conjugate 

suneter to which it is parallel ; and therefore tan = r- 

a^y 

^ the ellipse, and -^ for the hyperbola, (Art. 74.) 

if 

82. The equation of the tangent is, for the ellipse, 

a^yy + h^wx' «= a^6*, 

td for the hyperbola, 

a?yy - l?OBX = ± a^h^ ; 
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where x and y are the co-ordinates of any point in tke 
gent, X and y being the co-ordinates of the point of coDtact 

83. The distances from the centre, AT and Ai 
the tangent cuts the axes of m and y respectivelj, aie 

and — respectively. 

The distance AT upon the axis of x is independent 
the axis minor, and the distance At upon the axis off 
independent of the axis major. 

If^ therefore^ a circle be described upon the major axis ofi 
ellipse^ and the ordinate of the ellipse be produced to meeti 
the tangent to this point of the circle will meet the axis of r 
the major axis produced, at the same point with the tangent 
the corresponding point of the ellipse. 

84. A normal to a curve at any point is a line whic 
is perpendicular to the tangent at that point. 

85. The equation of the normal is, for the ellipse, 

^ = a^ - 6^, 

a? y 

and for the hyperbola, 

X y 

86. The distance from the centre at which the normi 
cuts the axis of a?, is, for the ellipse, -—^ — , and fw 

the hyperbola, — 



a 



87. The subnormal is the portion of the axis which is 
intercepted between the ordinate and the normal. In the 

ellipse the subnormal = ^ , and in the hyperbola = — 



88. Peoblem. To find two points, S and H, in the axis 
major of an ellipse, equidistant from the centre, the sum 
of whose distances from a given point in the curve shall be 
equal to the axis major. 

This distance AS or AH will be found to be = \/(a^ - 6^), 
a quantity independent of the position of the point in the 
curve, and therefore the same for every point in the curve. 

89. The two points, S and H^ found by the solution 
of the problem in the last Article, are called the foci of the 
ellipse. 

90. Peoblem. To find two points, S and H, in the 
axis major of an hyperbola, or in the axis major produced, 
equidistant from the centre, the difference of whose distances 
from a given point in the curve shall be equal to the axis 
major. 

This distance AS or AH will be found to be ='v/(a^-f6^), 
a quantity independent of the position of the point in the curve, 
and therefore the same for every point in the curve. 

91. The two points, A? and H^ in the axis major produced, 
of an hyperbola, determined by the solution of the last problem, 
are called the foci of the hyperbola. 

92. The ratio -— of the distance of the focus from the 

AjS 

^^Btre in the ellipse or hyperbola, to the semiaxis major, is 
^^lled the eccentricity, and is usually denoted by e. 

Since ac = \/(a^ - 6^) in the ellipse, and ae = \/(d^ 4- b^) 
^^ the hyperbola, it follows that e is less than 1 in the ellipse 
^lid greater than 1 in the hyperbola. 

93. The distance SP from the focus to any given point 
^li the curve, is called the focal distance. 

In the ellipse, the focal distances SP and HP are a-ew 
^nd a + ea; respectively: in the hyperbola, SP and HP are 
^,v T- a and e«a? + a respectively. 
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94. The product of the focal distances is equal to the 
square of the semi-conjugate diameter: that is, SPxHP^AJy 
if AD be the semi-conjugate diameter to AP, 

95. The length of the perpendicular {Sy) from the focus 
(S) upon the tangent 



and the length of the perpendicular {Hy) from the other 

HP\ 

:sp)' 



focus (H) is =b\/(^\ 



96. The rectangle formed by the two perpendiculars 
(Sy^ Hy) upon the tangent, is equal to (6^ the square 
of the semiaxis minor. 

97* The tangent makes equal angles with the focal 
distances. For 

Sy _ Hy^ 6 6_ 

SP'HP" ^/{SP X HP) " AD' 

This proposition furnishes a very easy geometrical con- 
struction for determining the position of the tangent, aad 
therefore of the conjugate diameter. 

98. The locus of the intersection of the perpendiculstv 
from either focus upon the tangent, with the tangent, is ^ 
circle described upon the axis major. 

The propositions in the last five Articles are commos:^ 
both to the ellipse and hyperbola. 

The following propositions belong to the hyperbola, coc^-' 
sidered with respect to its asymptotes. 

99. The equations of the asymptotes are deduced IrowC^ 
the equation of the hyperbola, by supposing tV and therefore ^ 
to be infinitely great. 
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For the equation of the system of hyperbolas 

ay - y^ = ± o«6«, 

becomes a*j^ - If a? = 0, if a? and y be infinitely great ; which 
includes the equations 

y + — =0 and y = 0, 

a a 

of two lines or asymptotes passing through the origin of the 

b 
co-ordinates, and making angles, whose tangents are and 

^ . . . 

- respectively, with the axis of w. 

100. To transform the equation of the hyperbola from 
octangular to oblique co-ordinates coinciding with the asymp- 

>tes. Make, since cos 6 = — 77-r — -zr = — cos ff, 

b , , « 

"^c3 the transformed equation becomes 

a^ + b^ 
a/y = for the hyperbola, 

-^xtf ^ for the conjugate hyperbola. 

101. If a = 6, the asymptotes, and therefore the axes 
F the system of h3rperboIas referred to them, are rectangular : 
^ch hyperbolas are called rectangular or equilateral hjrperbolas. 

102. All parallelograms included between the asymptotes 
^id the curve are equal to each other. 

This property is merely the geometrical interpretation of 
he equation in Art. 99. 
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103. If a chord of the hyperbola be produced to meet 
the asymptote both ways, the parts of it intercepted between 
the curve and the asymptotes will be equal. 

104. The tangent to the hyperbola at any point inter- 
sects the asymptote (considered as an axis) at twice die distance 
between the centre and the ordinate. 

This property furnishes a very easy geometrical construc- 
tion for determining the tangent. 



Sect. 6. 
Equation and properties of the Parabola, 

105. It was found, in the discussion of the general 
equation of curves of the second order, that the terms in- 
volving the simple powers of cq and y could not be exter- 
minated simultaneously^ when 4ac — 6^ = 0, (Arts. 49. 50.); 
in this case, therefore, the curve can possess no centn^ 
(Art. 55)j and is consequently neither an ellipse nor an hy- 
perbola: it remains to determine its nature and principal 
properties. "" 

106. In the case under consideration, the general equa- 
tion (a) is reducible to the form 

{y y/a + X \/cy + dy + ew +/= («). 

107. The equation in the last Article {s) may be trails- 
formed into 

Ay^'-^Dy'-^Ew'+f^O {t), 

by moving the axes (without changing the origin) throu 

an angle 0, where tan = - \/ - : in this case, A^a + c, 

a 

rt J n ' n d ^a + e ^/c 
2> = a cos - e sm = — 5L-_ r — ^ 

V (a + c) 

and E=^d sin 9 + e cos 9-- ., . 

V (a + c) 
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108. If we move the origin of the co-ordinates (without 
changing the direction of the axes) to a point whose ordinate 

= 7 and whose abscissa = — 7= - --, we «hall get the 

equation (making a^~ E^ and suppressing accents,) 

f^^ax (ft). 

This is the most simple form which the equation («) is 
capable of receiving. 

It represents a curve, in which the axis of x bisects all the 
chords or double ordinates which are perpendicular to it: 




^^ passes through the origin of the co-ordinates and forms 
^^o infinite branches upon the same side of the axis of y, 
^>id which are also sjrmmetrical with respect to the axis of w : 
^))ere is no part of the curve, in the plane of wy, correspond- 
ing to negative values of ^r : it is called the parabola, 

109. Let the equation 

j^= ax (u) 

\ye transformed from rectangular to oblique axes, making the 
angles Q and ff with the axis of x, (Art. 40.) 

L 
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110. If d s 0, or if the axis of x continue parallel to 
that of 07, there is always a position of it in which it 
will continue to be a diameter of the parabola, whatever be 
the value of d', or whatever be the angle of ordination of 
the axes or of the corresponding chords. 

111. If s 0, and if d' be given, then the extremity of the 
corresponding diameter is a point in the curve, whose abscissa 

(with respect to the old axes) s - cot* ffy and whose ordinate 

4 

a ^ 
= - cot 9 * 

112. The equation of the curve referred to the new 



axes 18 



a 



y' = :Zl-5r • ^' W. 



113. The tangent to the parabola at the vertex of anf 
diameter, is parallel to the corresponding system of chords, 
and its inclination to the principal axis, is therefore equal 
to ff. 

114. The equation of the tangent of the parabola, re- 
ferred to the principal axis, is 

115. If a negative distance from the vertex AT he 
taken upon the principal axis, which is equal to the f^ 
scissa AM of the point of contact, the tangent will pas^ 
through it. 

This property affords a very easy geomietrical constnictia^ 
of the tangent. 

116. The equation of the normal of th^ parabola, r 
ferred to the principal axis, is 



117- The subnormal MN = - , and is therefore of the 
sstne length for every point of the curve. 

118. Peodlem, To find two points, S and H, in the 
principal axis, equidistant from the vertex A of the parabola, 
the distance of one of which, SP, from a given point P in the 
curve, is equal to the distance of the other, HM, from the 
foot of the ordinate. 

The distance of this point from the Tertex = - , which is 

independent of the co-ordinates of the given point in the curve, 
and which is therefore the same for every point in the curve : 
it is called the focus of the parabola. 

119. The distance SP is called the focal distance: it is 
equal by the last Article to x + - . 

120. The tangent to the curve at P makes equal angles 
mtb the focal distance and the axis. 

fif the tangent meets the axis in T, then ST=SP. 
121. The perpendicular (Sy) let fall from the focus 
upon the tangent of the parabola = y/{SPv.SA), where SP 
's the focal distance of the point of contact, and SJ is the 
distance between the vertex and the focus. 

122. The locus of the intersection of the perpendicular 
'*l>on the tangent and the tangent, for different points in 
^■**e curve, is the straight line At/, which is the tangent to 

*Xe vertex of the parabola. 

123. The latu8 rectum of the parabola (as well as of 
"-Vie ellipse and hyperbola) is the chord at right angles to 
^Vie axis, which passes through the focus. 
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It is equal to a, or to four times the distance between 
the vertex and focus. 

124. The parameter of any point of the parabola, is 
the chord passing through the focus, which corresponds to 
that diameter. 

It is equal to . -^ , or to four times the distance be- 

sin*^ 

tween the focus and the vertex of the diameter. 



Sect. 7- 
General properties of the three Curves 

125. If a series of parallel lines intersect another series 
of parallel lines, and likewise cut any of the curves repre- 
sented by the general equation (a), Art. 48, the rectangles 
contained by their segments will bear a constant ratio to one 
another. 

The equation (a) transformed to a system of axes parallel to the 
two systems of parallel lines respectively^ will become 

ay-¥l>xy -{-oa^^iHy + ex +/=:0: 

and if the origin of the co-ordinates (the direction of the axes being 
unchanged) was conceived to be transferred successively to the 
different points of intersection of the parallel lines^ no change would 
take place in the coefficients a', b', c: let P he one of those points, 
and Pif, Py the segments in the axis of y, and Px and Px tliose 
in the axis of xi then we shall find 

PyxPy=A' md Pxy.Px'^<^i 
^ ^ a c 

. Py X Py c 
consequently, p^^= J, 

a conclusion which is true for all positions of the point P. 

126. If a' = c\ or if the curve be a circle, then 

Py X Py' 



Px X Px' 



= 1. 
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This is the general property of a circle demonstrated in Euclid, 
Book lu. Prop. 35 and 36. 

127. If Py and Pw be parallel to the semiaxes 6 and a 

. , ^ PyxPf/ *' ^ „. , -V 

respectively, then — ^ — ^ = -g for the ellipse, and —y 

for the hyperbola : if they be parallel to a system of diameters, 

a and d\ then -=;^^ — =—7 = -rr- for the eUipse, and --rr- tor 

Pa? X Pw d^ a * 

the hyperbola. 

128. If Pai coincide with the axis of a parabola and 
if Py be perpendicidar to it, then Py = Py' and Pa/ is 

infinite : in this case, c' = and -=■ = -j = : and if we 

Pw X 00 a 

consider 00 x o = a,* (a finite quantity,) we shall get 

Py* = o X Pwj or y* =s aw^ 
which is the equation of the parabola. 

Sect. 8. 

Heca/pitulation of the classes of Curves included in the 
general equation^ with a notice of some ewcepted cases. 

129. If 4 ac — V be positive: the equation (a) expresses, 
in the plane of x, y, 

(1) An ellipse, generally. 

(2) A circle, if a^c^ when the axes are rectangular ; 
but if the axes be inclined to each other at an angle d, when 
a s c, and when 6 = 2a cos 0. 

(3) If (fed — 2 a c)* be not greater than 

Qy" - 4ac) (d* - 4a/), 



* For the sense in which such a conclusion may be justified, see Algebra, p. 289. 
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no part of the curve is found in the plane of Wj y: in th{^ 
cac^, a positive quantity is always considered greater than a 
negative quantity. 

(4) If (bd - 2aey « (6« - 4ac) (d* - 4o/), the portion of 
the curve in the plane of wy is a point, whose co-ordinates are 

2ae—bd , 2cd — be 
4tac -^ b^ ^ac^V ' 

130. If 4ac - 6* be negative, the equation (a) expresses, 

(1) A system of hyperbolas generally. 

(2) If (bd - 2aey =: (6» - 4ac) (d« - 4o/), it repreaente 
two straight lines, whose equations are 

{b + ^/(b^-4>ac)\w d + ^(cP~4g/) 

, \b- ^/(t^ ~ 4>ac)] Of d--y/((P- 4a/) 

^^ ^^ 2a 2o 

respectively: in this case, the equation (a) is the diffd^nce 
of two squares. 

(3) An equilateral hyperbola, if asz~c, 6=0, the axes 
being rectangular. 

131. If b^ - 4ac = : the equation represents 

(1) A parabola, generally. 

(2) If 6d-2ae = 0, it represents two parallel lines, 
whose- equations are 



bw d:k ^(d « ^ 4>af) 



2a 2a 



if d^ = 4 a/, these two lines degenerate into one ; and if, under 
the same circumstances, d^ be less than 4 a/, no part of the 
curve is found in the plane of xy. 



Sect. 9. 

I the equations of the Ellipse, Hyperbola and Parabola, 
in terms of polar co-ordinates. 

132. The poaition of a point is determined by its di»- 
mce from a given point or pole, and the angle which that 

listonce makes with a given line or axis. 

133. The distance of a point in a curve from its pole 
Bis called the radius vector or polar distance: and the angle 
f which it makes with the assumed a\is is called the angle 

of revolution : they are usually called (by a slight abuse of 
language) the polar co-ordinates of the point of the curve, 
lo distinguish them from the rectangular or oblique linear 
ci>ordinates, which are used for the same purpose. 

We shall denote, in the subsequent articles, the radius 
vector by u, and the angle of revolution by $. 

H^ 134. Let the pole coincide with the arigin of the reel- 
^^fgular co-ordinates, and let the assumed axis coincide with. 
^Bt be parallel to, the axis of x. 

^m Then .t = u cos 6 and y = u sin $; and the substitution 

*W these values in the equation of the curve, will furnisli 

U8 with its equation when referred to polar co-ordinates. 

135. If the pole does not coincide with the origin of 
the rectangular co-ordinates, or if the assumed axis does not 
coincide with or be parallel to the axis of x, then the equa- 

g lion of the curve must be transformed in such a manner 
tat the origin may coincide with the pole, and the assumed 
Btes may coincide with or be parallel to the new axis of x. 

136. If it be required to pass from polar to rectangulai 
«rdinates, having the pole for the origin, and the assumed 

coinciding with or parallel to the axis of .v, we must 
lake 



8B 



y/{^ + J^) = w and cos = 



and therefore sin d s — —-4 rr- 

137. Peoblbm. To find the polar equation of the 
circle, the pole being the centre. 

If we substitute u cos 6 for w and u sin for ^, in 
the equation 

«* + y8 « y, (Art. 44.) 

we shall get u^ = y^ or u^y; a polar equation, in which ttis 
independent of 0. 

138. Pboblem. To find the polar equation of the 
ellipse, the pole being one of the foci, and the angle of 
revolution being reckoned from the axis major. 

The equation 

ay + Va?* = o» V, 

must be transformed into 

aY + 6" (ae - a?')* « a»K, 

in order to transfer the origin from the centre to the focu^ 
or pole: if we make 

ysiu mi and ad ^u cos d, 

we shall obtain, after proper reductions, 

a(l-6^) 



w = 



1 - c cos 



The same result may be obtained more readily from ^ 
value of the radius vector SPy given in Art. 92 : inasmuch ^ 

SP ^u^a — ex^a — e (ae — j?') 

= a — ae^ + cw cos 6, 

a(l-e2) 

we ffet w = -pi . 

^ 1 - e cos 



=■ 139- Problem. To find the polar equation of the 

-hyperbola. 

^ 1 ~ e cos 9 

140. Pboblkm. To find the polar equation of the 
parabola. 



141. Proposition. If a chord PSp be drawn through 
the focus S of an ellipse, hyperbola or parabola, meeting 
the curve in P and p, then 



SP Sp V 

where L is the latus rectum (Art. 133.) of the curve. 

This conclusion follows immediately from the polar equa- 
tions of the several curves. 



On the Position of a Point in Space, when referred to rect- 
angular or oblique ames, which are not in the same plane 

with it. 

142. The position of a point in space, with respect 
to three given planes, may be determined by the three per- 
pendiculars let fall upon them, 

143. If each of these planes be at right angles to the 
other tvro, they are called rectangular co-ordinate planes, 
and the perpendictdars upon them are called rectangtilar 

co-ordinates. 

144. The intersections of the rectangular co-ordinate 
planes with each other, are called rectangular axes, and are 

M 
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usually termed the axes of Xy y, » respectively, where a?, t|, : 
are reckoned upon them from their common origin, and ir 
severally equal and parallel to the three rectangular co- 
ordinates. 

145. The co-ordinate planes are usuaUy termed the planes 
of wy^ (JBXy yx respectively^ from the denominations of tkel 
two axes which are common to each of them. 

146. The position of a point would be equally det^- 
mined, if referred to three oblique axes, (the intersectioo! 

.of three planes not at right angles to each other), to ead: 
of which its co-ordinates were respectively parallel: when, 
however, axes are mentioned, they are always considered tr 
be rectangular, unless the contrary be expressed. 

147* Examination of the signs of the co-ordinates i 
a point, in any one of the eight trihedral angles, whid 
the co-ordinate planes form with each other. 



148. If «r, y, x be the co-ordinates of a point P, 
if p'y p", p'" be the perpendiculars let fall from it upon the 
axes of <r, y, x respectively, then 

i>'=a/(»*+A p"=a/(^' + A p'" =->/(«* + »*)• 

149. If d be the distance of the point P from the origin 
of the co-ordinates a?, y, x^ then 

d= V'(^ + j^ + «^). 

150. If a, 6, c be the angles which the distance d make 
with the axes of a?, y, x respectively, thert 

w^ d cos ay y=^d cos &, si^d cos c. 

151. It follows from the two last Articles, that 

cos* a + cos* b + cos* c = 1 . 
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152. If a , 6 , c be the angles which the distance d makes 
with the planes of wy^ x%^ yss respectively, then 

2 2 2 

and therefore 

sin^ a! + sin* V + sin* c' = 1. 



153. If a, )3, 7 and o', )3', 7' be the co-ordinates of 
two given points, their distance from each other (d) 

= V{(«-«T + (/3-/3T + (7-7')1- 

If A^ B^ C he the angles which (S) makes with the axes 
of a?, y, ijf respectively, then 

cos .A = J — , cos 5 = -: , COS C = -^—K — . 

154;. If the axes to which the point is referred be ob- 
lique, and if the angles between the axes of w and y, w and Xy 
y and ^, be 0, ff, ff' respectively, then 

d^ = a?*+ f^ + «* + 2a?y cos + 2xz cos ff + 2yz cos ff\ 

This is the expression for the diagonal of a parallelopipedon, 
if 07, y, ;8r be the adjacent edges, and if 0, ff^ ff' be the angles 
- 'tetween them. 

155. If a, 6, c be the angles which d makes with the 
^^^s of <r, y and % respectively, then we shall find 

d cos a-w-\-y cos + «f cos fl', 
d cos h- y -{-w cos 4-^ cos ff\ 
d cos c = « + y cos ff'-\-w cos 0'. 

156. It follows from the two last Articles, that 

d = iV cos a + y cos 6 + « cos c. 
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157. If ^9 Yy Z denote the angles between the plan 
of xy and wxj wy and yx^ wx and yxy then we shall find 

„ cos ff' — cos cos 0' 

cos wA = 



cos F 



cos Z = . ^ . ^, 

sm ff sm 0^ 

For^ if AX, AY, AZ he the axes 
a^ X, y and z^ and if XY and XZ 
be dra¥ni at right angles to AX in 
the planes of xy and xz respectively^ 
then^ if AXz=.d, we have 

XF=rftan^, i4F=d8ec6l, 

ZZ=rftan^, AZ=zd8ecd', 

and therefore 

ZF»±= JF» + ^Z«^ 2i<Fx AZ C09ZAY 
= XF«+XZ« - 2XFx XZ cos X, 

or rf» sec* ^+rf« sec* 0- 2rf* sec 6 sec 0' cos 0" 

=d* tan* 0+rf* tan* a'-2rf* tan tan 6' cos X, 

an equation^ from which the value of cos X above given is very 
easily deduced. 

This is a most important proposition^ and constitutes the fiinda— 
mental theorem in Spherical Trigonometry. 

168. If ^ = + ff + ff' ^^ ^^^^ g^^ 

2 

• TT \/(l + 2 COS cos e' cos 0" - cos^ d - cos^ 0' - cos* ^'j 

sin sin ff 

_ 2 v^fsin S. sin (S - 0) sin (S - ff) sin (S - Qf 

sin sin ^ 

AT 

sin sin 0' ' 



159. If 0, (}>', <t>" be the aogles which the axes of j, y, x 
miLke with the planes of xy, rz and yz respectively, we shall 
find 

SID d>= -: — :;, 

^ Sin 

■ ^' ^ 



sin <p '= ~r-^, . 
'^ sin ff 

160. The volume of the parallelopipedon, whose adjacent 
edges are x, y, x, making angles 6, &, &' with each other, is 

= xyx \/(i + 2 cos e cos 0* cos ff' - cos* 9 - cos * e* - cos" t^'). 



Sect. 11. 

On the equation of a Straight Line in space when referred 

to rectangular or other axes not in the same plane with it. 

161, The orthographical projection of a straight line 
upon a plane, is the line intercepted between two perpen- 
diculars let fall from the extremities of the given line upon 
the given plane. 

169. The position of a straight line in space may be 
determined from its orthographical projections upon the three 
co-ordinate planes, any one of which may be deduced from 
the other two. 

163. If the equations of the projections of the straight 
line upon the planes xz and yx be 

.v = tx + s (l), 

? = ''- + «' (2). 
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then we shall get, by eliminating x from the equations f ^ 
and (2), 

f is' - St' 

^ = 7^^-"7~ ('>• 

164. The equations to a line in space which passes 
through a point whose co-ordinates are a, jS, <y, are 

w -a- t (x -- 7), 

165. If the line passes through the origin of the co- 
ordinates, or if 

a = 0, )3 = 0, 7 = 0, 

then its equations become 

w — tx and y = l!z. 

166. The equations of a line passing through two poinis 
whose co-ordinates are a, )3, 7 and o', )3', 7', are 

o'-a 
a? - a = -J (x - 7), 

7 -7 

7 -7 

167* If CL^ ^9 <? be the angles which a line passing through 
the origin, whose equations are w = tx and y = l!x^ (or any line 
parallel to it, whose equations are w = tz -^-s and y = ^j^r + «'), 
makes with the axes of a?, y, i^r respectively, then 

j^ ! 

COS a , cos o 
/= , ^' = . 

cos C CO& c 

For 

tan«= V V -T-jf y -- V V t — y ^^J ^^^ Cm-^L^ i-Ji-^ s v/* + f ; 

X t z 

_ , - COS a ^ 
and therefore = t : 

COS c 

and similarly fot the value of /'. 
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168. It follows fi-om the last Article, that 

COS a = 7Z :: rrr « COS O = 



1 



COS c = 



^(1 + f + t") 

169. Two lines expressed by the systems of equations 
sff^t%-\-8, y = t!z-\-8' and w^ = t^«^ + 8^, y/ = ^/^ + */> 
will not meet, unless the equation 



is satisfied. 



8 — 8^ «' — 8 1 



170. If the conditions in the last Article be satisfied, 
the co-ordinates (a, jS, 7) of the point of intersection are 

8-8, ^ t*8' ^ t!8' t8,- t 8 

171. If be the angle of inclination to each other of 
two lines (whether they meet or not) which are expressed by 
the equations in Art. l63, then we shall find 



cos = 



a/(i + ^ + 0a/(i+#"^+O* 



For if lines parallel to the given lines be drawn through the 
origin^ and i£ Xy y, z and x, y, z' be the co-ordinates of two 
pomts in those lines^ d and d' their distances from the origin^ 
and I their distance from each other^ then by Art. 149 and 15S, 
we shall get 

1 +»,+<'</ 
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172. If a, &, c and a\ h\ d be the angles which two 
lines make with the axes w^ y, x respectively, then 

cos 9 = cos a cos a' + cos b cos h' + cos c cos c. 
This is deduced from Art I68 and 171. 

173. If a line be referred to oblique axes, its equations 
will retain the same form as when it is referred to rectangular 
axes. 

The propositions contained in Art. l63, 164, l65, 166, 
169, 170, are equally applicable to lines expressed by their 
equations, when referred to oblique as well as to rectangular 
axes. 



Sect. 12. 
On the Equation of a Plane. 

174. Definition. A plane is a surface, every point 
o{ which is at equal distances from two given points. 

It follows from this definition, that the straight line whidi 
joins any two points in a plane surface, lies wholly in that 
surface. 

175. The co-ordinates of a plane or of any other sur- 
face, are the co-ordinates of any point whatsoever in it : 
and the equation of a plane or of any other surface, is the 
equation which determines the relation between the co-ordi- 
nates, so that the points to which they correspond may 
always be found in the given surface. 

176. A plane may be determined in position f by the 
length and position of the perpendicular let fall upon it from 
the origin of the co-ordinates. 

177- If 5 be the length of this perpendicular, a, /3, 7 
the co-ordinates of the point where it meets the plane^ and 
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w^ y, z the co-ordinates of any point whatever in the plane, 
then 

«^ + )3y + 7« = 3^ (i)> 

which is the equation of the plane. 

For if the perpendicular (S) be extended to Jhe length 2S, to 
a point whose co-ordinates are 2a^ 9,^^ 2y, and which is at the 
same distance from any point whatever in the plane as the origin 
of the co-ordinates^ then we get 

ftova. whence the equation (1) is obtained. 

178. If a, 6, c be the angles which the perpendicular S 
makes with the axes of <r, y, % respectively, then 

w cos a + y cos b -h x cos c = S (2). 

179. If rf» d\ d" be the distances from the origin, at 
which the plane cuts the axes of a?, y, % respectively, then 

^ y X , ^ 

d^j-^r'' <'>• 

180. If we make 

— cos a — 1 — cos h "" ^ jj — ^^^ ^ "^ ^ r 

and consequently ^ = yr^2 _^ J2 ^ gg) > 

(Art. 151.), then the equation of the plane becomes 
A,v + By + Cz -\- 1=0 (4). 

This is the form under which the equation of the plane 
is most frequently exhibited. 

181- For the sake of symmetry, the equation (4), in the 
last Article, is sometimes put under the form 

A,v + By + Cx + D = (5) ; 

N 
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in which case it involves a superfluous constant. Under suol 
circumstances, however, we generally suppose -4 = — cos c?^ 
and therefore B = — cos 6, C=-cosc and 2> = 5, where a, 6, c? 
are the angles made by the plane with the co-ordinate planes 
yxy w%^ wy^ being severally equal to those which £ maJres 
with the axes of w^ y^ xi upon this hypothesis there is no 
superfluous constant, since 

182. If the plane passes through the origin, ^ = 0, and 
therefore 2> = 0, and the equation (5) becomes 

Aof + By + Cz^O (6). 

183. The lines of intersection of the plane whose equa- 
tion is 

AcD-k-By ^Cz-^l-Oy 

with the planes oi wz^ yz and wy^ or its trtices upon those 
planes, are expressed by the equations 

»=-— 07-— or Aa; + Cz + 1 =0^ 

— 5 1 

» = — y - - or By + C« + 1 = 0, 

w^——y — - or Ax '\- By '\-\ -0, 
A A 

184. The equation of a plane may be determined from 
the equations of its traces upon any two of the co-ordinate 
planes. 

185. The equation of a plane which passes through a 
point whose co-ordinates are a, )3, 7, is 

^ (a? - a) + 5 (/p - )3) + C (a? - 7) = 0. 

186. If a plane passes through three points whose co- 
ordinates are a, j3, 7; o', /S', 7'; o", )3", 7"; the constaw^^ 
in its equation will be found to be 
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^ = )8(7'-7") + /3'(7"-7)+)8"(7-7'). 
5 = 7 (o' — a") + y (a' — a) + y' (a - a'), 

C=a(/3'-^') + a'(/3"-/3)+a"(/3-)3'), 

2) = a(^V'_/3"7') + «'(/3"7-i3'7")+«"(/37'-^'7)- 

187- The equations of a line perpendicular to a plane, 
whose equation is 

Jw + By + C% +1=0, 
and which passes through a point whose co-ordinates are 

«9 ^9 7» ^^® 

0? - a = - (;^ - 7), 

y - ^ = ^ (^ - 7)- 

For the projections of the line and the trace of the plane upon 
any one of the co-ordinate planes^ must be perpendicular to each 
other. 

188. The length of the perpendicular (p) let fall from 
the point whose co-ordinates are a, )3, 7, upon the plane whose 
equation is 

Aof-^ By + Cz-^ D==:Oy 

Ja + 5)3 + C7 + 2> 



IS = - 



^(A' + 5^ + C) 



189. If a = 0, )3 = 0, 7 = 0; or if the origin be the point 
from which the perpendicular is drawn, then 

190. To find the equation of a plane which shall pass 
through a point whose co-ordinates are a, j3 and 7, and be 
perpendicular to a line whose equations are 

a: =. t% -\- .V, y = t'x + *'. 
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The equation required is 

/(a?-a) + ^'(y-)3)+(«-7) = 0. 

191. To find the angle (0) which a line whose ec]iia. 
tions are 

Of = t« + 8y y = t'x + s'f 

makes with the plane whose equation is 

Aof + By-hCx + D^O. 

At + Bt'+C Jt + Btf^-C 

if V(^« + 5« + C0 = i. 

The angle d is the complement of the angle formed by the given ] 
line and a line perpendicular to the plane : the preceding expression 
is immediately deduced therefore from Art. 19O and 17I. 

198. If be the angle of inclination to each other of 
two planes, whose equations are 

Aof 4- By + C«f 4- /> «= 0, 
A'w + B'y-^C'x + iy = 0. 

AA' + BB' + CC 



Then cos = 



V^(^^ + 5^ + C^) y/{A'^ + B'^ + C"*) 

if ^2 + 5«+C^=l and J'2 + S'2 + C"=l. 

The angle is the angle between the two perpendiculars let fall 
from the origin of the co-ordinates upon the two planes. 

193. If the planes be at right angles to each other, then 

AA' + BB' + CC = 0. 

194. If the second plane be the plane. of .ry, or parallel 
to it, then 



101 



"^ ^ = -^(a'Tb^Tc^) = ^"' '' 



where c is the angle formed by 5 with the axis of z. 

In a similar manner, we shall find 
^ B , J 

COS O = — tt-t:: ztt 7z::r and COS a = 



195. If therefore o, 6, c and a', 6', c be the angles 
formed by the planes severally with the co-ordinate planes, 
we shall get 

cos 9 = cos a cos a + cos b cos b' + cos c cos c'. 

196. If the axes to which the plane is referred be 
oblique, and if a, &, c be the angles which the perpendicular 
(S) from the origin let fall upon it, makes with the axes 
of 'Vy y, X respectively, then the equation of the plane is 

a cos a + y cos 6 + ar cos c = 5. 

This equation is identical in form and interpretation with 
the equation (Art. 178.) of the plane referred to rectangular 
axes. 

The propositions contained in Art. 179, 180, 181, 182, 
183, 184, 185, 186, 187, are equally applicable when the plane 
is referred to oblique and to rectangular axes. 

197' If t^^ co-ordinates of the point where the per- 
pendicular meets the plane be a, j8, 7, and if 0, 6', 0" be 
the angles which the axes of <r, y, x make with each other, 
then 

(o + )3 cos + 7 cos ^) 0? + (jS + a cos d + 7 cos 0") y 
4. (^ + j3 cos ^' + a cos ff) X = S^. 

This equation becomes identical with the equation in 
Art. 177, when the axes become rectangular. 
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Sect. 13. 



On the Transformation of Co-ordinates in spacer the awes 

being always rectangular, 

198. Let the origin of the co-ordinates alone be changed, 
the new co-ordinate planes remaining parallel to the old. 

If a, j3, 7 be the co-ordinates of the new origin, then 

a? = ^p' + a, y = y + ^9 ;?? = «f' -I- 7. 

199. Let the origin of the co-ordinates be not changed, 
the new co-ordinate planes being no longer parallel to the 
primitive. 

We may consider the primitive co-ordinate planes of a?jf, 
azy yZy as referred to the new co-ordinate planes of a/y\ 
w'%\ yV, by means of the equations (Art. 182.) 

Aw' -f By' + Cs?' = J 

^V+ BV + C'^' = o! (1), 

A"w'^B"y' + C'z'^o\ 

where x\ y\ % are the co-ordinates of a point in the primitive 
planes referred to the new. 

Of the nine constants included in equations (l), three only 
are indeterminate : for (Art. 181.) 

^2 + S' + C- = 1 I 

^'^4-5'' + C'2= A (2). 

and since the planes are perpendicular to each other, we 
have also (Art. 193.) 

AA' + BB' + Ca = 

AA" + BB"+CC' = o\ (3). 

^V'-f BB" ^CC'^o 



103 

The other three constants must be determined from the 
specific data, which determine the position of the new co- 
ordinate planes with respect to the primitive. 

If Wy f/y X be the co-ordinates of a point with respect to 
the primitive planes, and cc\ y\ x' the co-ordinates of the 
same point with respect to the new, then we shall find 

y = - A a! - B'y' - a%\ 
x = - A'x' - B!'y' - C"^ : 

for Wy y, z are the lengths of the perpendiculars let fall from 
the point upon the primitive planes. (Art. 188.) 

The substitution, therefore, of these values of a?, y, %, 
will efifect the transformation required. 

200. The specific data, employed in the determination 
of the coefficients of w\ y', z\ are of very various kinds, 
and generally speaking, lead to very complicated and em- 
barrassing expressions : there is one form under which they 
may very generally be presented, which will enable us to 
determine them by means of three successive transformations 
of two co-ordinates, such as are given in Art. 35. 

For let the specific data be the angle 6 between the planes 
of ory and x'i/f and the angles x//- and ^ made by their common 
intersection with the axes of x and x' respectively; and let us 
make the following transformations. 

1st. The axis of z remaining fixed^ let the axis of x revolve 
in the plane xii^, through an angle yj/, until it reaches the common 
intersection of the planes x^ and x'^': calling x^ and ^^ the new 
co-ordinates in the plane xy, vie get (Art. S5»') 

x=zx cos \|/^ — y . sin x//- ) 

. ; . ;[ (i): 

^ = jr, sm S^+y, cos ^1/) 
z is not changed. 



104 

2(1. The axis of x^ remaining fixed^ let the plane . xtf revolve 
round it until it coincides with the plane xy'i in other w<ffd8» 
let the axes of z and y^ revolve in their own plane, through the 
angle Q : the new values of z and y^ being denoted by z' and ^„ 

we get 

y,^ytCose--z«mey 

z's^g sin 0+2 cos O) 
x^ is not changed. 

3d. The axis of z' remaining fixed^ let the axis of x^ move 
in the plane xy, through an angle <py until it reaches the axis 
of x'l the new values of x^ and y^ being x and y, we get 



x^ = X cos ip — y sin 0| 

y^-=x' sin 0+y cos 0) 

z is not changed. 

If we now substitute in equation (l) the values of x^, y^ and^ 
we shall finally get 

jc = x' (cos >//* cos - cos 6 sin >/r sin <p) 
—y (cos \^ sin 0-|~cos sin >//- cos 0) 
-f z sin sin >/^. 

y = r' (sin \^ cos <p + cos cos ^ sin 0) 
— y (sin y}/ sin — cos cos y}/ cos 0) 
— z sin 6 cos >|/^. 

z=^x sin sin ^ 
4-ysin0cos0 
+ 2' cos (?. 

201. When it is requisite to change both the origin 
of the co-ordinates and the direction of the rectangular axes, 
it is generally most convenient to effect the transformations 
successively; they may, however, be effected simultaneousif) 
by making 
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replacing the coefficients of a/y y', Jir', by their values deter- 
mined in the last Article, or in any other manner, from the 
requisite data. 

202. The dimensions of the equation of a curve formed 
by the intersection of a given plane with a curve surface, 
can never exceed the dimensions of the equation of the surface 
itself. 

For the equation which results from the elimination of an un- 
known quantity between two equations, one of which is a simple 
equation^ can never exceed the dimensions of the other equation. 

203. To find the equation of the curve which is formed 
by the intersection of a given plane, with a surface whose 
equation is given. 

Find the distance {d) of the intersection of a plane with the 
axis of Xi and transform the equation of the surface so that the 
new origin may coincide with that point: or this transformation 
may be effected simultaneously with the one that follows. 

Transform the equation of the surface to new axes, making the 
new axis of x (when possible) coincide with the common inter- 
section of the planes, so that the angle <f> may be zero. 

Make % equal to zero in the transformed equation, and the re- 
sulting equation is the equation of the curve of section. 

The expressions for x, y, z in the last Article, become, when 
2'=0 and ^=0, 

xssx cos x/r—y'cos 6 sin x//-, 
ffszx sin yj/- +y cos 6 cos x//-, 
z=:y sin^. 

If \|/- = 90^, or if the common intersection of the planes co- 
incide with the plane of ^z, and the axis of ^y becomes that of a?', 
then the preceding expressions become 

X = — y cos 6, 
X = y sin d, 

o 
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If \^=0, or if the axis of x' coincides with that of »« these 
expressions become 

^=ycos^, 
zs=y sin ^. 



Sect. 14. 
On the Equation of the Sphere and its Sections, 

204. A sphere is a curve surface, every point of which 
is equidistant from a given point, which is called the centre, 

206. If a, )3, 7 be the co-ordinates of the centre, r the 
radius, and w^ y, « the co-ordinates of any point in the 
surface, then 

(#-«)» + (9-i3)» + («-7)*-r» (1). 

206. If the origin of the co-ordinates be the centre, 
or if a s 0, /3 s 0, 7 = 0, then the equation becomes 

^ + y> + «> = r* (2). 

207* If the origin be the centre, the equation of the 
sphere is the same for all positions of the rectangular axes. 

208. Every section of a sphere made by a plane is a 
circle. 

Let the inclination of the cutting plane to the plane of 
wy he d; and let us assume the common section of these 
planes to be parallel to the axis of 07, and coincident with 
that of a I let d be the distance at which it cuts the axis 
of y: if we now make 

y^d-^y' cos — «' sin 0, 

^d-^i/ cos 0, when » = 0; 
z^f/ sixiQ -^ s/ cos 0, 

as y sin 0, when x' = 0, 



hb Bhall get 

^ + y'° sin' 9 + (d + y' cos 9)" = r*, 
or y^ + y'* + 2d cos 6y' = r" — (P, 
^e equation of a circle, whose radius is = ■^(r' - d' sio' 6). 

309- The equation of a tangent plane to a point whose 
DrdiDates are a;, y, x, is 

^^' + yy' + »«' = J^* 

the co-ordinates of any point in the 



«, y, «' 



plane. 

210. If the sphere be referred to oblique axes, where 
the angles between the axes of at and y, w and x^ y and sr, 
are 9, 6', 0" respectively, its equation will be (Art. 154.) 

or' + y^ + xi' + 2a!y cos $ + 2xx cos 6' + Syx cos 0" = r*. 



211. The equation to a tangent plane to a point in 
the sphere whose oblique co-ordinates are iv, y, x, is 



(x + y cos d + x COS ff) m' +{y + 0! cos 6 

+ (x + y cos 9" + ai cos &) ^ = 



• e") »' 



For if r be the perpendicular upon a plane making angles a, b, c 
-with the axes of j;, y, z, x, y, z being the co-ordinates of any 
point in the plane, its equation will be (Art 156.) 
r = /cosa4-^'cos 6 + s'cosc. 

Let the oblique co-ordinates of the point of intersection of the 
perpendicular and the plane be x, y, z, and let x^, y^, z_ be the 
parts of the axes intercepted by perpendiculars let fall upon the 
axes of X, y, z from the point of intersection: then, because 



the equation of the pla 



J, cos 6=*, cox, 
e becomes 
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but ;r = X -|-^ cos 6 -f- 2 00s 0, 

y,^y + x cos ^ + 2 cos 0', 

Z =ZZ +^ COS ^'+ X COS 0, 

the substitution of which gives the equation required (Art 155). 



Sect. 15. 
On the Equations of a CotH and its Sections. 

912. A cone is generated by a straight line, which 
passes always through a given point and describes by its 
extremity a given circle, which is called its base. 

213. More generally, the base of a conical surface mty 
be assumed to be any given curve. 

214. As the generating line may be produced both np, 
it will generate two opposite conical surfaces or sheets joined 
by their vertices, which will be equally expressed by the 
equation of the cone. 

215. The awis of a cone is the line which joins the 
centre of its base and the vertex. 

216. The cone will be right or ohUqns^ according as 
its axis is at right angles or not to the plane of its base. 

217. To find the equation of the right cone. 

Let the centre of the base be the origin of the oo-ordinatH^ 
and the axis of the c(»ie the axis of 2 : let the length of the axis 
= Ci and the co-ordinates of the fixed point in the generating j 
line are 0^ 0^ c, and its equations 

X 

x=i A(z—c), and therefore A = , 

y = B(z- c), and therefore B = — ^ : 
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if the equation of the base be x*+ff^ = r*; then^ when 2 = 0, we 
must have a: = j?^= -Ac and ^=^^= ^Bc: consequently, 

or ^^' I ^.V* -^ 

or *"+y=ps(2-c)«, 
which is the equation required. 

218. To find the curve of section of a right cone. 
The equation of the right cone 

will remain unaltered, whatever be the position of the axes of 
a and y, in the plane of a;^ : let us suppose the plane to cut the 
cone at the distance c from the vertex, and making an angle 6 
with the plane of xt^, and supposing the axes of x and x' to co- 
incide with the line of section of the cutting plane, we shall find 

x = x', 

^ =y cos ^ - z' sin ^ =y cos 6, when s' = 0, 

and 2 =y sin d+2' cos ^=^'sin 6, when 2'=0: 

consequently, the equation of the curve of section is 

x^+y'* cos» ^= ^ (y sin e ^c)«, 
or (c* cosa-f^sin ^)y»+c«a?'*+2cr» smay-r*c*=0. 

If c cos 6 be greater than r sin d, or if tan 6 be less than -, 

or if the angle of inclination of the cutting plane to the base be 
less than the angle of inclination of the generating line to the axis, 
the curve of section is an ellipse. 

If c cos ^=r sin d, or if the cutting plane be parallel to the 
generating line, then the curve of section is a parabola. 

If c cos ^ be less than r sin 6, or if the cutting plane be more 
inclined to the base than the generating line, then it must meet 
both sheets of the cone, and the curve of section is an hyperbola. 
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219. To find the equation of the oblique cone. 

Let the centre of the base be the origin, the plane of s^f co- 
inciding with the base : and let a, b, c he the co-ordinates of the 
fixed point of the generating line, its equations being 

then the equation required is 



Sect. 16. 

Discussion of the general Equation of Cv/nye Surfaces of th 

second Order, 

220. The most general equation of curve surfaces of 
the second order is 

aai^ + fey^ + csi? + ^axy + ^h'wz + ^cy« + ^a'x + 2 b"y + 2c'« 

+ d = (a). 

221. The terms involving the simple powers of w, y, %y 
may be exterminated from the equation (a), by changing the 
origin of the co-ordinates, in all cases, unless 

ahc - aa'^ - hh'^ - cc^ + Zah'c' = 0. 
The co-ordinates of the new origin are 



a =s 



a" {a!^ ~ be) + h'' {cc' - a'V) + c'' {hV - aV) 



abc - aa'"" - 66'* - cc'^'^^ab'c' 



^ h" (b'^ - ac) -h c" (gg - Vc) -h a"{cc^ ab') 
^" a6c - ao'* - 66'* - cc'^ + 2a'6'c' ' 

c'' (c * - g6) + a' {bb' - ac) + b'' (aa - b'c) 
abc — aa'^ —bh'^ — cc^ •\-2ab'c 



The transformed equation is (suppressing the accents of 

^. y, X,) 

aa^ + bi^ + cx' -i-2a'a)y + Zb'xs + Hc'i/z + d' = (b), 

the coefRcients (as far as they go) being the same as in equa- 
tion (a). 



222, The origin of the co-ordinates in equation {!>) is 
a centre, or a point in which all straight lines being drawn 
to meet the surface both ways, are bisected. 

The surface in the case excepted in Art. 219, has no 
centre, 

223. The terms in equation (b) which involve the pro- 
ducts ivy, iux, yss, may be exterminated by a change of the 
co-ordinate planes, the origin remaining unchanged : the equa- 
tion is thus reduced to (suppressing accents) 



Ax^-YBif + C!^ + D = 



..{c). 



This may be effected by the formulae in Art. 203: and 
it may be shewn that there are always possible values of 
1^ and &, which will cause the coefficients of the products 
wy, WHS, yz, to vanish. 

The same conclusion may be inferred from the existence 
of diametral planes, as shewn in the following Articles. 

234. If a series of chords parallel to the line, whose 
equations are ,t ^tx, y = tz be drawn, the locus of their 
middle points is a plane, whose equation is 

{at + c't^ -v b') x' + (c't + bl^ + a') y + {b't + a't^ + c) a' + a"t 
+ b"t + c"=Q (1), 

where at', y, ss ore the co-ordinates of a point in the plane.* 



* Ifamillim'i Jnalglieal Gtomelry, Art. •in3 uid 3IM- 
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If the equations of two other lines whidi detennine the 
direction of the parallel chords be 

w =s i «^ y c t*^z^ and oo = i'«^ y = t['«^ 
the equations of the corresponding diametral planes are 

+ fe'7;+c"=0 (2), 

(ar + c7;'+ 6')y + (cY'+ feC + «)»'+ (&'/"+<'+ c) » + aY 

+ 6'r+c"«0 (S). 

225. The three planes whose equations are given in tbe 
last Article, will form a system of diametral planes, if the 
system of chords bisected by any one of them be parallel to 
the common intersection of the other two : this will take place 
when the following conditions are satisfied:* 

b'(t + t^+a'(t^ + t;) + c(tt; + t/) + atf-\-bt^t;A'C^O...{il 

V (/+0 +«' (^,+ O+c' (^C+ tf)^atf^ hty;^ c = o...(5), 

226. Such diametral planes are said to be conjugate 
to each other, and the lines of intersection are called con- 
jugate diameters. 

227. The equations of the conjugate diameters are 
a=toff and y==tZy w-t'z and y=t'x^ w=f% and y^t'z: 

there are only three equations (4), (5), (6), to determine 
the six unknown quantities 

t and t^i t' and //, f and //', 

so that the three diameters corresponding to these may form 
a system of conjugate diameters: there are, therefore, an in- 
finite number of such systems of conjugate diameters. 



* Hamilton*8 Analytical Geometry, Art. 36& 
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238. There is only one system of conjugate diameters, 
or of aaes, which are at right angles to each other. 

In this case, the three equations (Art. 193.) 

! + #/' + V/ == (7)» 

l + ^r + f/;'=0 (8), 

l+/'r+^X'=0 (9), 

must be combined with the three equations (4), (5), (6), 
(Art. 225.) : and they suffice therefore to determine all the 
six quantities f, t\ t'\ t^y t^\ t'\ 

229. If the co-ordinates are reckoned from the centre 
(in those surfaces which possess a centre), and be parallel to 
any system of conjugate diameters, the equation (a) wiU 
assume the form 

Jof'^By' + Csis' + D^O (d).. 

230. The equation to the tangent plane to a point, 
(whose co-ordinates are a?, y, ss)^ in the surface whose equa^ 
tkn is (d), is 

Aaaf + Byy + Czz' + D = 0. 

For the tangent plane may be easily shewn to be necessarily 
parallel to the plane which is conjugate to the diameter passing 
through the point of contact: the equation of the conjugate plane 
is, making a=A, bs=B, c=C, a = 0, V=zO, c=iO, a"= 0, 6"=0, 
c"fi=0, (Art. 224.) 

Atx^+Bt^^+Cz^O; 
or replacing t by - and ^^ by ^ , 

Axx^ + Byy^ + Cz z = (1). 

If we now replace x^ by x'-^x, y^ by y'-^y, 2 by ai'-z, the equa- 
tion of the plane passing through the point of contact parallel 
to the conjugate plane whose equation is (1), will be (Art. 185.) 

Ax(x^ x) + By {y'^y) + Cz (z'- >z) = 0, 

or Axx^Byy+Cuz'-^DzsO (2). 

P 
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231. The equations of the nonnai, or of the line per-^ 
pendicular to the tangent plane at the point of contact, are 

^ - ^ = ^ (» - «)» 

232. If 2a, 2&\ 2c' represent the lengths of the three 
conjugate diameters, then 

.« ^ va D ,^ D 

J' B' c' 

and the equation (d), Art. 229, becomes 

a^ f^ s? 

^a+^+^=l (^)- 

If any one or more of the quantities — —-, -, — , 

A. B C 

should be negative, the corresponding sign of a'*, 6'*, c * must 
be changed from + to - : an attentioii to those changes of 
sign will enable us to distribute the curve surfaces which 
the equation (d) represents into their several classes. 

If 2 a, 2 6, 2 c represent the three rectangular or principal 
axes, then the equation ((Q, when the curve surface is re- 
ferred to such axes, becomes 

^ y^ x^ 
a'* 6'* c- 

Any one or more of these terms may change their signs 
under the circumstances noticed above. 

233. Given any system of conjugate diameters inclined 
at known angles to each other, to find the magnitude and 
position of the principal axes. 
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A principal diameter is a normal to the tangent plane at its 
extranity: let its length he 2r, and the co-ordinates of one of its 
extremities a, /3, y: then its equations are (Art. 166.) 

a!=ztz=:- z and y=ztz=::!-z: 
y ' 7 

and the equation of the tangent plane corresponding is (Art. 230^ 232.) 

ax /3y' yz' r-x 

-^ + -j^ + 7i=i W> 

when referred to the conjugate diameters a, b\ c as axes. The 
equation of the same tangent plane considered as that of a sphere 
whose radius is r, referred to the axes a', h', c, making angles 
6, &, 6" with each other^ is (Art. 211), 

~(a+/Scos(?+7 C0sd') + ^(/3 + a COS ^+7 COS 0") 



+ -5(7 + /? cos tK'+a cos ^) = 1. 



(2). 



If we now equate corresponding coefficients of (1) and (2), making 

r=— and f = — , we iret 
7 ' 7 ^ 

/+/ cos a + COS a' = -77 '^ 



/+/COSa-fCOSa"= -77a 

' o 






(3)i 



and if we eliminate t and t^ from these equations, we get the equation 

r«- («'*+ h'^ -f c**) r*+(fl'«6'« sm« B+a'^c^ sin« B' + h'^^ sin« ff') r« 
- aH'^e'* (1 +2 cos B cos B' cos 0" - cos^ a - cos^ a'- cos^ ^ ) = 0. 

The three values of r^ derived from the solution of this 
cubic equation (which are real), are a^, 6^, c^, the squares 
of the principal axes of the curve surface. 

The values of r^ being known, the values of t and t^ 
corresponding, which determine the position r, may be de- 
duced from the equations (3). 



234. 



a'2 + ft'» + c'« = a* + ft* + c'; 
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or the sum of the squares of any three oonjugate diameters, 
is equal to the sum of the squares of the three principal axes. 

If 6'' or d^ or both of them be considered negative, then 6* or c* 
or both of them must be considered negative likewise. 

235. o'^fe'^c ^(1 +2 cos Q cos & cos ff'-co^e-co^^ff-coid) 

or the volume of the parallelopiped constructed upon any 
system of conjugate diameters, is equal to that upon the 
principal axes. 

For the square root of the first of these expressions has been 
shewn (Art. I96.) to be the volume of the parallelopiped constructed 
upon the edges a', h', (/, where Q is the angle between of and V, ff 
the angle between a' and </, and ^' the angle between b' and </. 

236. Distribution of the curve surfaces (possessing cen- 
tres) which are included in the equation 

Aai'-\-'Bf + Cst' + D = (d), 

into their difiPerent classes. 

237. If Ay By Cy D havB the same sign, the values of 

Wy tfy Zy ouc or morc of them involve v— 1 » ^^^ there 
is no curve surface corresponding. 

238. If Ay By C have the same sign which is different from 

that of D, the equation (d) (referred to its principal axes) 

a^ y^ sf? 
becomes "i + ^ + 3" = 1» *^d the surface corresponding is 

called the ellipsoid, 

239. If A and B have the same sign which is different 
from that of C and Z>, the equation becomes 
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Mid the surface correspcHiding is called the hyperboUnd of 
one sheet or surface. 



\ 



240. If A has a difPerent sign from that of B, C and Z>, 
tbe equation becomes 

a^ ^ fi? 
a? W (? 

and the surface corresponding is called the hyperboloid of 
two sheets or surfaces. 

241. The ellipsoid is a surface which surrounds the 
centre at a, finite distance in every direction. 

242. The principal sections of the ellipsoid, or those 
made by the planes of xy^ wzy yss are ellipses, whose semi- 
axes are a and h, a and c, h and c respectively. 

243. All parallel sections of an ellipsoid are similar 
ellipses, or ellipses whose axes are in the same ratio to each 
other. 

244. The section of an ellipsoid which passes through 
the mean axis 26, (or that which is intermediate in value 
between 2 a and 2 c), and which makes with the plane of wy 

an angle, whose tangent = - \/ ( -^ — — J , is a circle ; and 

the same is therefore the case with all sections which are 
parallel to it. 
» 

245. It appears from the last Article, that an ellipsoid may 

be generated by a ciicle of variable radius moving parallel to 

itself, and whose centre describes a diameter in the principal 

section passing through the axes 2 a and 2 c, and whose plane 

c //a^-ft^ 
makes with the axis 2a an angle = tan~* - \/ ( -- — —l . 

246. An ellipsoid has sioo swmnMs or vertices at the 
extremities of the three principal axes. 
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247- If a = 6, then the equation of the surface becomes 

aV 
^ + y* + — p = a'; 
cr 

and all its sections parallel to the plane of wy become circles: 
in this case, the ellipsoid degenerates into a surface of re- 
volution with two vertices only, and is called a spheroid: it 
is an oblate or prolate spheroid, according as a is greater 
or less than c, 

248. If a = 6 = c, the ellipsoid becomes a sphere, 

249. If c be in/initej the equation becomes 

^ ^_ 

and if considered as the equation of a surface, it is that cl 
a cylinder constructed upon an elliptical basis, whose semi- 
axes are a and 6. 



250. The hyperboloid of one sheet is an infinite sur&oe, 
whose sections parallel to the plane of xy are ellipses^ whilst 
those parallel to the planes of xz and y« are hyperbolas: 
all parallel sections are similar to the sections which pass 
through the centre. 

251. The section of this hyperboloid which passes 
through the greater axis 2 a, and makes an angle with the 

plane of wy^ whose tangent = ± \/ (-^ — — j , is a circle; and 

the same is therefore true of all sections which are parallel 
to it. 

252. It follows from the last Article, that this hyperboloid 
may be generated by a circle of variable radius, moving 
parallel to itself, whose centre moves in a diameter in the plane 
of the section through 26 and 2 c, whose plane makes an 
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angle ^taxi"^^^ f— — —J , with the axis 26, and whose 

circumference is constantly touched by the principal section 
in the plane of y%. 

253. If we suppose <r, y, and therefore %j to be infinite, 
the equation of this hyperboloid will coincide with that of 
the conical surface expressed by the equation 

a^ f^ s^ 
'—4- — = 0: 

its opposite vertices are in the centre, its sections parallel to 
the plane of wy are ellipses, and it embraces all the linear 
asymptotes which correspond to the different hyperbolic sec- 
tions of the hyperboloid. 

254. This hyperboloid has four summits or vertices at 
the extremities of the axes 2 a and 26: the axis 2c does 
not terminate in the surface. 

255. The hyperboloid of four summits becomes a sur- 
fMe of revolution if a = 6, the axis of revolution being the 
ttis 2c; in this case, all the sections parallel to the plane 
cff ofy are circles. 

256. The hyperboloid of two sheets or surfaces consists 
of two infinite surfaces, whose two summits are at the ex- 
tremities of the axis 2a: the other two axes, 2b and 2c, 
do not terminate in the surface of the hyperboloid. 

257. There is no section of this hyperboloid in the 
plane of yz, but the real sections which are parallel to it 
are ellipses: the sections in the plane of ,vy and wz, as well 
as all sections parallel to them, are hyperbolas; all parallel 
sections, whether ellipses or hyperbolas, are similar to each 
other. 

258. The section of this hyperboloid, which passes through 
the mean (Art. 244.) axis 26, and which makes with the plane 
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of ., an «gle, wb«e ungent - * ^ v/(^ , i. . d«k: 

and the same is therefore true of all real sections which are 
parallel to it. 

259- It follows firom the last Article, that the hyperbdoii 
of two summits may be generated by a circle of variable ra- 
dius, moving paraUd to itself, whose centre moves in a di- 
ameter in the plane of the axes 2a and 2c, whose jdsne 

makes an angle = tan~* ± ""V/ (tj — -jA > ^th theaxii2a, 

and whose circumference is constantly touched by the prindpal 
section in the plane cS xz. 

260. The hyperboUnd of two ntmmiis becomes a surfne 
of revolution if c 3=6, the axis of revolution being 2a: in 
this case, all the reid sections parallel to the plane otit 
and 2c are circles. 

261. The conical surface expressed by the equatic» 

a^ V c* "" ^' 

includes all the linear asymptotes of the correspcmding hy- 
perbolic sections of the surface. 



Sect. I7. 
On Surfaces of the second order which have no centre. 

262. It has been shewn in Art. 221, that the terms 

2a <r, 26 y, 2c Zf 

in the general equation of surfaces of the second order, cannot 
be exterminated simultaneously^ whenever 

abc + 2a feV = aa'» + 6ft'*+ cc * (l). 
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263. It has been shewn, that the terms 

■■ 

^ in the same general equation, may be, in all cases exterminated 

^ wnultaneotisly, without any reference to the values of a, 6, c 

[ or ^", b'\ c" and d. 

264, If the terms inrolving the prodiicts of 'V^ y, f^ be 
exterminated simultaneously, in any case where tb^ ta^lW 
involving the simple powers of ^, y, « cannot be exterminated 
sintultaneously, then the first transformation nrnst hswe re- 
d»ced. to zero the coefficient of one at least of the terms 
involving the squares of ^, y or %. 

For if the transformed equation be 

aa;*+&/+c2+rfa; + f^+/2 + it=0 (2), 

hiamfp k^ nU caaes wbere a, b,c have finite valttf39> b^ ^asaffrmed, 

by making 

'='-2^' •^='^-26' ^='-ic' 



• '^ 



in, wliich case the surface wiB have a centre : if^ howev^r^ one or 
mdre of die quantities a, b, c be equal to zero^ this second trans- 
formation is no longer practicable. 

266. The general form, therefore, of the equation of 
surfaces withxmt centres, is 

bf^ + cs^ '\- dx -\- ey -^-fz + k = (3), 

-where Wy y, x are convertible with each other. 

266. The equation (S) may be transformed into 
6y^ + c»'* + da?' = (4), 

by making 

Q 
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46ca 

267- The curve sur&oe represented by equation (4)tt 
called by the general name of paraboloid: it remains to dk- 
tribute the different surfaces which it includes into their 
proper classes. 

S6& Let the coefficients 6, e, d, have the same fflgns. 

The equation expresses a point which coincides widi die 
origin. 

269* Let 6 and c have the same sign, which is difeent 
from that of d. 

The principal sections of this surface are parabqlis in 
the planes xy and wx ; a point in the plane of yss : hlii^ U 
sections parallel to this plane are simUar ellipses. 

This surface is called the elliptic paraboloid. 

270. If 6 s c, the sections parallel to the plane of jf^r 
become circles, and the paraboloid becomes a surface of.i^ 
volution round the axis of w. 

271. If the parabola whose equation is ' 

d 
c 

move parallel to itself, so that its vertex may trace out the 
parabola whose equation is 

d 

it will generate the elliptic paraboloid 

272. If b be greater thaii c, the section made by a plane 
passing through the axis of y and making with tiie fisaie 



of wy an angle =8in"^±\/-, will be a circle: and all 
sections parallel to it will be circles likewise. 

273. If 6 be less than c, the section made by a plane 
liaasing through the axis of % and making with the plane 

of wss an angle ± sin"^ ± \/ - , will be a circle : and all 

' • ■ ^ c 

sections parallel to it will be circles likewise. 

374. In all cases, therefore, an elliptic paraboloid may 
be generated by a circle of variable radius, moving parallel 
to itself. 

375* Let 6 and c have different signs. 

The principal sections of the corresponding surface are, 

A iMU*abola 2^ = — - ^, in the plane of wy; a parabola sr=i - Wj 

in the plane of w%; two straight lines whose equations are 

ym^z \/ -, in the plane of y% : but all sections parallel to 

file plane of y% and upon both sides of it, are hyperbolas, 
those at equal distances upon opposite sides of it being con-» 
jugate to each other. 

This surface is called the hyperbolic paraboUAd, 

276. If the parabola whose equation is 

d 

«^= - a?, 
c 

move parallel to itself, so that its vertex may trace out the 
parabola, whose equation is 

d 

it will generate the hyperbolic paraboloid. 
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277* "^he hyperbolic paraboloid can never become a 
surface of revolution. 

278. There is no elliptic and therefore no circular se^ 
tion of the hyperbolic paraboloid, whidi cannot dierefote be 
generated by the movement of a circle of variable rpdias 
parallel to itself. 



Sect. 18. 

Remarks upon the Interpretation of the EquiMone ofiimrm^ 
for thoie values of the co-ordinates which invdhyey/^. 

279. In the preceding Sections of this Chapter, we ha^e 
limited our interpretations of the equations of cunres, to those 
values of the co-ordinates which were confined to the plaae 
of wy : Or in other words, to those values of the co-cxrdwtfls 
which do not involve y/^l ; it remains to consider mAetlier 
any meaning can be assigned to those values of the dtoidir 
nates which do involve the sign v— 1. •■''' '^*' 



280. As an example, let us consider the equatkm of 
the circle 

where the origin is the centre. 

The circle whose radius is r, is the only part of the curve ex- 
pressed by this equation^ which is in the plane of xy. 

Let X exceed r: then 

the values of ^ afiected with the sign ^/ — 1, are dt fighi arngki 
to those values of y which are not affected with the sign \^-— 1. 

If we suppose, therefore, a third axis %, to be drawn at right 

angles to those of x and y ; and if the values ofy affected with >/ - 1 
be reckoned in the plane of xz, at right angles \o die correspondinf 
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▼diaes of y^ they will express a carve^ whidi is identical widi that 
which would be expressed by the equation 

fii ihe pkne Zy x\ this curve is an equilateral hjrperfoda. 

In a similar manner^ if values of y be taken^ in its proper axis^ 
which exceed r, we get 

the corresponding values of x affected with the sign v^— l are at 
right angles to those of x^ which are not affected with this sign: 
the corresponding curve^ therefore^ will be an equilateral hj^erbola 
in the plane of yz^ which is equivalent to that which would be 
represented by 2* =: r* — ^* in its proper plane. 

It follows, therefore, that the equation a?*+^*=^'> considered 
in an its generality, will express a circle in the primitive plane 
of xy, and two equal equilateral hyperbolas in planes which are 
at light angles to each other and to the plane of xy, 

381. Let it be required to determine the complete system 
of curves expressed by the equation 



Vi' 



First: An ellipse in the plane of xy\ whose seniiaxes are 

a and 6. 

Secondly : An hyperbola, in the plane of xz^ equivalent to that 
which would be expressed in its proper plane by the equation 

Thirdly : An h3rperbola in the plane of y z, which is equivalent 
to that which would be expressed by the equation 

These three curves have the same axes and origin, and 
the hyperbolas are conjugate to each other. 

282. Let it be required to determine the complete system 
of curves expressed by the equation 

j^ as aco. 
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First : A parabola iii the plane of xy, corresponding to positzF? 
values of x. 

Secondly: A parabola in the plane of xz, corresponding to ne- 
gative values of x, such as would be expressed^ in its proper plane, 
by the equation 

283. Let it be required to determine the complete system 
urves, which are expressed by the equation 



of curves 



or tr 



First: There is no curve whatever in the plane of xy. 

Secondly: An hj^erbola in the plane of zx, equivalent to that 
which would be expressed^ in its proper plane, by the equation 

Thirdly: An hjrperbola in the plane of yz, equivalent to tbat 
which would be expressed, in its proper plane, by the equatioD ' 

The values of x and y considered in the preceding Artides, 
are such as are obtained by the solution of the primitive equation, 
with respect to a; or ^, and then supposing them to possess un- 
limited real values, and real values only, whether -|- or — : vre 

are not at liberty to suppose the equation -j-l-'ls ^'"l to become 
-5 + >5=l, by replacing or by a: V — 1 and y by ^1/— 1. 

It is obvious that no interpretation can be given upon these 
principles to those co-ordinates in the equations of curve surfacef, 

which are affected with the sign >/ — 1. 
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CHAP. XIL 



ON CERTAIN OONIOMETBICAL SERIES. 

1. There are many goniometrical series involving powers 
or multiples of angles, which are extremely useful in many 
important enquiries: it is proposed in this Chapter to give 
some of these series, which do not require the aid of the 
Differential or Integral Calculus or of the Calculus of Finite 
Differences for their investigation. 

2. To find a series for (2 cos 0)"* in terms of the cosines 
or sines of multiples of 6, 

Let p be the arithmetical value of (2 cos 0)"*, (Art. 5. 
Cbap. VIII.) and therefore (2 cos 6)^ = 1"* . ^d, if 2 cos be 
positive, and = (— l)**/!?, if 2 cos be negative. 

Then, in the first case, 

'* (cos Qmrw + v - 1 . sin 2mrw) ^ = cos m (2r7r + 0) 

+m COS (f» - 2) (2r7r + 0)+ — ^ ^cos(m-4)(2r7r+0)+&a 

+ \/- 1 . {sin m (2r7r + 0) + m sin (f» - 2) {^ttt + 0) 

«»(m— l) . , ^ , y*v •» ^ ^ / 

+ \ ^ ' sin (» - 4) (2r«- + 0)} = C, + .y, V^T, 

d^Kiting the series of cpsines by C^ and the series of sines 
by iS,. 

In the second case, 
{cos (2r + 1) WTT + \/^ sin (2r + l) witt} /d = C, -f aS,\/^. 



3. If m be a whole number, we may make r equal to 
zero in both members of the equation: 

for C,«Co and S^^ S^. 
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If 2 cos d be positive, p » Cq. 

If 2 cos d be negatiTe and m even, p s Cq. 

If 2 cos 9 be negative and m odd, /o — — Co- 
in all these cases, the value of p is expressed therefore 
by a series of cosines, the corresponding series of sines being 
equal to zero. 

The (p + 1)* t^m of C^ 
-^^^"'>'"^"*"^'-'^os(f»>2p)e«rcDB(«s-2p)ft 

The (m - pf term of Co 
= T cos (f» - 2m + 2p) = T cos (m - 2p) 0. 

The terms of the series Cq being therefore the same from 
the beginning to the end, it follows that 

C^=2jcosmd+f»cos(i»-2)0+ — ^ cos (m-4) + &c.( 

continued to — 1-1 terms, when m is even, and to tenn^ 

2 2 

when m is odd ; the last term in the first case being 

1 X 3 X 5 ... (m - l) ?-.! ^ 

^ ^ 2* ,♦ 

in 
1 x2 x3. . .— 

2 

which is the half of the middle term of the binomial (l +1)"; 
and in the second case being 

1 X 3 X 5 X ... lit ^^^ 

x2 * eo6 0. 



fi» + 1 
1 X 2 X 3 X . . . 



4 Let m be not a wbde number. 



* Algt^mLy p. 259. 
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If 2 cos 9 be positive, we find 



P^ 



COS 2mrir sin 2mrw 



r on 

^ &f 2 cos be negative, we find 

Cr Sr 

^ COS m (2r + 1) TT sinm(2r+l)w 

^ * In both cases, p is expressible either by a series of cosines 
or of sines, unless cos^mrir^O or sin2mr7r = in one 
case, and cos f»(2r + 1) 7r=0 or sin m (2r + 1) 7rs= in the 
other. 



I 



In examining such cases, we may suppose m a rational 

fraction of the form — (in its lowest terms), and that r does 

n 

i^ot exceed n-1, (See Art. 2. Chap, viii.) 



,>.fr- 5. Cos = 0, when p is odd, n divisible by 4 or 

n "^ 

n Sn 
partter par^ and r = — or — . 

In this case, /> = aS« or - Ssny if p be of the form 4i + 1 

2 2 

or pariter impar, and p = - aS» or aSsii, if p be of the form 
4i + S or impariter impar. 

Sin = 0, when r = 0, or when p is odd, n even 

n 

and r = - . 

2 

In this case, p = Cn or — C» 

R 
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^ p(2r+l)ir , . ,, 

6. Cob ^— = 0, when p is odd, n even snd 

n 

n-£ 
of the form 4» + 2 or impariter par, and when r = — 

3»-2 
or . 



In this case, p = Sn-9 when p is parUer impart and -«9ii:j 
when p is tmpartter impar: or p^— Ssns or i y3»-2, according 

4 4 

as p IS pariter or impariter impar. 

«. P(2r+l)7r . n-l 

Sm — ^ = 0, when n is odd and r= . 

n 2 

In this case, |0= Cn-i or — Cn-i, according as p is even 
or odd. 

7. To find a series for (2 sin 0)^ in terms of the oosiDes 
or sines of the multiples of 6. 

(2 y/^ sin 0)~ = (e^^^i - e-®^* 

= cos m (2r7r + 6) - m cos (m - 2) (2r7r + 0) 

m (w - 1) , , , y*v « 

+ — ^^ cos (m - 4) (2r'7r + 0) + &c. 

J. • /« 

+ \/— 1 {sin m (2r7r + 0) - m sin (i» - 2) (2r7r + 0) 

w (m — 1) . , . , -^ ^ J 

+ — ^^ ' sm (wi - 4) (2rw + 0) - &c.} ±= c^ + «,\/ - 1, 

if c^ be taken to represent the series of cosines and «,. the 
corresponding series of sines. 

If p denote the arithmetical value of (2\/— l sin 0)*, 
then, if 2 sin be positive, we get 



|cosm (2r + -j 7r + \/-l sinm f2r + -j 7r}/5 = c^ + «,\/-i; 



^d if 2 sin d be negative, 



{cosiw (2r + -j 7r + \/-l sin m f2r + -j ir] p=^Cr + Sry/- 1. 

8. If w be a whole number and even^ then 
2**"^ (sin 0)"* = ± {cos m0 - m . cos (wi - 2) 

— ^ cos (i»-4) 0+&C. to — termsj 



+ 

1 .2 

1 . 3 . 5 . . . (m - 1) 2-1 

2 

the + or — sign being used according as m is of the form 
4t or 4fi + 2. 

If m be a whole number and odd, then 

2'»-^ (sin ©)"» = ± {sin w0 - wi . sin (f» - 2) 

m(f»-l)., x.>« m+1 ^ 

-h — ^ ' sm (m - 4) - &c. to terms), 

the + or — sign being used according as m is of the form 

4i + 1 or 4i H- S. 

9. If m be not a whole number, and 2 sin positive, 
then 

'^ cosw(2r + ^)w sin m(2r + ^)7r' 

or its value is expressible either by a series of cosines or of 
sines, except under the following circumstances. 

10. If w = - (in its lowest terms), p and n being odd 
numbers; then 

|0 =s ± gn-i, when n is pariter impar^ 

4 
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the + or - sign being used according as p is pariter or 
impariter impar. 

If p be even, n pariter impart then 

the + or - sign being used according as p is pariter or 
impariter par. 

11. If m be not a whole number, and 2 sin B negative, 
then 

p = ^ = J 

COS m (4r — 1) — sin m (4r - 1) — 

its value being expressible either by a series of sines or of 
cosines, except under the following circumstances. 

p 

12. If m = - (in its lowest terms), p and n being odd 

numbers: then 

|0 s sis g n+i or sp «3n+ji, whcn w is impariter impar, 

the + or - sign being used according as p is pariter or 
impariter impar in the first case, or the contrary in the 
second. 

If jp be even, n impariter impar, then 

p S3 :is Cn±l or T CSw+l , 

the + or - sign being used according as p is pariter or 
impariter impar in the first case, and the contrary in the 
second. 

13. To express cos mO in terms of a series of ascending 
powers of cos 0. Make 

^=l.-cos«0+^^^cos*0.-l^^^^ 

^..eos0.<^:i^>cos30^(^Zi!^^ 

1.2.3 1.2.3.4.5 
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then 

cos m (2r7r+0)=cos m (2r+^) wx-^+cos (m-l) (2r+^) ttx JT'. 

The investigation of the series X and X\ cannot easily 
be efifected without the aid of the Dififerential or Integral Cal- 
culus, or of the Calculus of Finite Differences : see Lardner*8 
Trigonometry^ p. 248, for a complete investigation of these 
and similar series, and of the circumstances under which 
the coefficients of X or of X' become equal to zero. 

^ - ^ . 1 . -^ 6 sin C 

14. Given the equation tan B= : to express 

a — h cos c 

£ in a series proceeding according to sines of the multiples 
of C. 

Replace tan i3, sin C and cos C by their corresponding 
exponential expressions (Art. 20, 21, Chap, ix.), and we get 

and therefore 

2S\/^ = log (a - 6 e-cV^) - log (a - 6 . e^V^i) 

- _ (gc V^ — -cV^\ ^ (eicyTT « g-2c V^) 

a ^ ^ 2a^ ^ 

+ — r (e3c v:^ - e-3c VTi) ^ 8jc^ 

or S = - sin C + — r sm 2 C + — r sin 3 C + &c. 
a 2a^ 3a^ 

This is the expression for an angle of a triangle in terms 
of the angle and side opposite, and the side included between 
them. 

15. Given the equation tan » n tan 0, to express A 
in terms of 0, and conversely. 

Replace tan and tan by their exponential values, 

make k = , and we get 

n + 1 ^ 
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d) s + Ap sin 20 + — sin 40 + — sin 60 + &c 
^ 2 3 

and, conversely, 

= - Ap sin 20 + — sin 40 sin 60 + &c. 

a 
If 71 = cos a, then Ar s tan' - , and therefore 
* 2 

d) = + tan* - sin 20 + tan* - sin* + &c. 
^2 2 

These series are of great importance in many applications 
of analysis. 

16. To expand (a* — 2 aft cos + 6*)% in a series pro- 
ceeding by cosines of multiples of 0. 

If we represent the coefficients of the series for (l+«)" 
by Ci, Cg, C3, ..• C«, &c, then 

(a^-2a6 cos + 6*)* 

= a*» (1 - - e^^O" - - c-»>^0" 
a a 

6* fc* 6« 

= {a*" (1 + Ci^ ^ + C,*. -; + Cs*. -, + &c.) 



a a a 

b ¥ V 

- + Ci . C2 . -5 + Cg . Cs . — 



- 2 (Ci . - + Ci . Cg . 3 + Cg . Cs . — + &c.) cos 



6* 6* ft* 

+ 2 (Ca . -5 + Ci . C3 . -T + Cg . C4 . -r + &c.) cos 20 
or or a' 

ft' ft* V 

- 2 (C3 . — + Ci . C4 . — + Cg . C3 . — + &c.) cos 30 + &c. t . 
a' a* or ' 

17. To express log (l -n cos 0) in a series proceeding 
according to cosines of multiples of 0. 

Make e = yr — , and we shall find 

1 + v^(l - w^) 
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log (1 - W COS 0) = 2 log . 



- 2 (e COS + — COS 20 + — COS 30 + &c.) 

^23 ^ 

If a^ -\? -\- & - 2bc cos -4, (Art. 8. Chap, iv.), then 

log a = log 6 - I - cos A + —— cos 3-4 + — - cos 3-4 + &c. ) 

\b 2b^ 3b^ J 

18. The sum of the series («?), 

sin (a + b) + sin (o + 26) + ... sin (a + nb) 



sin|a+(w-l)-|siny 



. b 

sm - 

2 

19. If — = mTT, where w is a whole number, or if b 

2 
be any submultiple of 27r or of 2m7r, then S = 0, 

20. The terms of such a series, however far it may be 
continued, will be periodic, the sum of every successive n 
terms of it being equal to zero. 

21. If 7» = 5, w = l; then 6 = — , and 

5 

. / 27r\ . / 47r\ . / 6w\ 
sm (a + — I +sin (a + — I + sm l« + — I 

+ sin I a + — j + sin (a + 27r) = ; 

or sin a + sin (72^ + «) + sin (36^ - a) - sin (36 + o) 

- sin (72® - a) = 0. 

This is the formula of verification given in Art. 13. 
Chap. V. 
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22. The sum of the series 

cos (a + ft) + cos (a -f 2ft) + ... cos (a + nb) 



cos 



f / ^ftl . nft 



. ft 
sm - 

2 

23. The sum of the series 
sin (a + ft) - sin (a + 2ft + sin (a + 3b) - ... ± sin (a -f «6), 



— cos 



f / ^ftl . »ft 
|a+(n4.l)-}sm- 



is ■ 9 if 9» he even, 

ft 

cos - 

2 



sm|o+(7*+l)-|cos^ 



ft 



2 

and , if n be odd. 

ft 

cos - 

2 



24. The sum of the series 

cos (a + ft)- cos (a + 2ft) + ... ± cos (a + wft), 

. r , ft] . wft 

sm <a + (n + 1) -> sm — 

is , if w be even, 

ft 

cos - 

2 



f / ,ftl Tift 

cos <a + (t* + 1) -> cos — 



and ^ , if n be odd. 

ft 

cos - 

2 



25. The sum of any of the preceding series continued 
to infinitum, would not be expressed by making n infinitey 
in any one of the expressions for their sirnis. 
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26. ar"^ - 2 cos . x^ + 1 

= (*'*-2ci?cos--fl) C^T^-goycos^^^+l) (a?2-2a?cos^^^+n 

tvi m m 

(^ ^ 2(m-l)7r-f0 , 
... }.ir-2ci?cos — ^^ -f iK 

m ^ 

For (cos ^ ± V — 1 sm d)"« s= cos — st v — 1 sm ^~ , 

m m 

(where r is any number in the series 0, 1, 2, ... w— 1), expresses 
the different values of x in the equation 

ar*"*-2ar"» cosa + l = 0. 

27. Sin - = 2"*-* sin — .sin ( . sm | 

2 2w V 2m / \ 2m / 



. re + 2 (m - 1) ttI 

... sm < — > 

I 2m j 



This follows from the last Article, by making ars=l, and replacing 
2— 2cosd, 2-2COS — , 2 --2 cos ^"^ , &c. 



m m 



by 4 sm* - , 4 sm* - — , 4 sin* -— -= — , &c. 
^ 2 2wi 2m 

«^ ^ /. / 4.0^ / 40^ / 402 \ 

30. = 2 |sin - -I sin 20 + ^ sin 39--^ sin 40 + &c.} 







31. = sin sec - . sec — . sec — in inf. 



'/■ 



V 




V'^ 



Ji 






A 



